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Abstract 

We prove that, for each countable ordinal ^ > 1, there exist some S^-complete w-powers, and some 
n° -co mplete w-powers, extending previous works on the topological complexity of cj-powers IFinOll 
IFin03l lFin04l ILecOll ILecOSl IDF061 . We prove effective versions of these results; in particular, for 
each recursive ordinal ^ < there exist some recursive sets A C such that A°^ G 77" \ 
(respectively, e Z'|'\n°), where and denote classes of the hyperarithmetical hierarchy. To do 
this, we prove effective versions of a result by Kuratowski, describing a 11^ set as the range of a closed 
subset of the Baire space oj'^ by a continuous bijection. This leads us to prove closure properties for the 
pointclasses S'^ in arbitrary recursively presented Polish spaces. We apply our existence results to get 
better computations of the topological complexity of some sets of dictionaries considered in ILecOSL 
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1 Introduction. 



We consider the finite alpiiabet S = {0, . . . , S — 1}, where S > 2 is an integer, and a language over this 
alphabet, i.e., a subset A of the set S^'^ of finite words with letters in S. Notice that a language of finite 
words will be also sometimes called a dictionary, as in MLecOSI . The set of infinite words over the alphabet 
S, i.e., of sequences of length lo of letters of S, is denoted S'^. 

Definition 1.1 The lo— power associated with A is the set A°° of the infinite sentences constructible with A 
by concatenation. So we have A°° := { a^ai . . . G T,^ | Vi S w aj S A }. 

Notice that we denote here A'^ the cj-power associated with A, as in ||Lec05l . while it is often denoted 
A'^ in Theoretical Computer Science papers, as in ||Sta97al IFinOll IFin031 IFL07II . Here we reserved the 
notation A^ to denote the cartesian product of countably many copies of A since this will be often used in 
this paper. 

In the theory of formal languages of infinite words, accepted by various kinds of automata, the w-powers 
appear very naturally in the characterization of the class REG^ of w-regular languages (respectively, of 
the class CF^ of context free L<j-languages) as the w-Kleene closure of the family REG of regular finitary 
languages (respectively, of the family CF of context free finitary languages), see ||Tho901 ILT941 IPP041 
[Sta86l ISta97al IFin061 IKMS89I for some references on this topic. 

Since the set T,^ of infinite words over a finite alphabet S can be equipped with the usual Cantor 
topology, the question of the topological complexity of cj-powers of finitary languages naturally arises and 
has been posted by Niwinski ||Niw90ll . Simonnet ||Sim92|| . and Staiger ||Sta97al . 

What are the possible levels of topological complexity for the a;-powers? 

As the concatenation map, from A'^ onto A°°, which associates aoci ... to {ai)i^^, is continuous, an 
a;-power is always an analytic set. 

It has been recently proved, that for each integer n > 1, there exist some w-powers of (context-free) 
languages which are IlJJ -complete Borel sets, MFinOlll . and that there exists a (context-free) language L 
such that L'^ is analytic but not Borel, IFin03l . Amazingly, the language L is very simple to describe 
and it is accepted by a simple l-counter automaton. Notice that Louveau has proved independently that 
analytic-complete w-powers exist, but the existence was proved in a non effective way. We refer the reader 
to IIHU69IIABB96.I for basic notions about context-free languages. 

The first author proved in IIFin04ll that there exists a finitary language V such that is a Borel set of 
infinite rank. However the only known fact on their complexity is that there is a (context-free) language W 
such that is Borel above A°, I.DF06 I. In particular, it was still unknown which could be the possible 
infinite Borel ranks of w-powers. 

The basic notions of descriptive set theory used in this paper will be recalled in the next section. We 
now state our results which extend the previous ones. 
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Theorem 1.2 (a) Let 3 < ^ < uoi, and V be a Wadge class closed under finite unions satisfying the 
inclusions A^(r) C T = A|]-P?7(r) C 11^^-^. Then there is A C 2<'^ such that is T-complete. 

(b) Let 1<^< iui. Then there is A C 2<'^ such that A°^ is TP^-complete. 

(c) Let 1 < ^ < LUi. Then there is A C 2^'^ such that A'^ is Il'^-complete. 

(d) Letl<^< iui. Then there is A C 2<'^ such that A°° is b2{^\)-complete. 

(e) Let 3 < ^ < ui and uj <r] <uJi be an indecomposable ordinal. Then there is A C 2"^^ such that A°^ is 
Dr] ( S ^ ) -complete. 

So we get a complete knowledge of the Borel classes V for which there is A C 2^" such that A°° is F- 
complete. Indeed, the only class admitting a complete set is A^. And A:={s^ T^^ | ^ s or 1^ ^ s} 
implies that = 2'^\A^io is a A^-complete set. 

In this context coming from theoretical computer science, it is natural to wonder whether these examples 
are effective. We answer positively. The reader should see [Mos80 1 for basic notions of effective descriptive 
set theory. It is known that 5 C 2"^ is S^-complete if and only if B G \n^ (see 22.10 in IIKec95ll ). The 
effective version of Theorem 1 .2 is the following: 

Theorem 1.3 (1) Let l<^<ujf^ . 

(a) There is A C 2<'^ such that A°° G i:|\nO. 

(b) There is A C 2<'^ such that A'^ G 
Moreover, A can be coded by a subset of uj. 

(2 ) Similarly, let /3 G 2"^ and 1 < ^ < cjf . 

(a) There is A C 2<'^ such that A°° G \nO. 

(b) There is A C 2<'^ such that A°° G 770(/?) 
Moreover, A can be coded by a A^{(3) subset of lo. 

To prove Theorem 1.2, we use a theorem of Kuratowski which is a level by level version of a theorem of 
Lusin and Souslin stating that every Borel set i? C 2"^ is the image of a closed subset of the Baire space oj^ 
by a continuous bijection. This theorem of Lusin and Souslin had already been used by Arnold in IIAm83l 
to prove that every Borel subset of S'^, for a finite alphabet S, is accepted by a non-ambiguous finitely 
branching transition system with Biichi acceptance condition and our first idea was to code the behaviour of 
such a transition system. This way, in the general case, we can manage to construct an oj-power of the same 
complexity as B. We now state Kuratowski's Theorem IIKur66ll (see Corollary 33.11. 1): 

Theorem 1.4 Let be a countable ordinal, X a zero-dimensional Polish space, and B G IVl^^{X). 
Then there is C G n5(u;'^) and a continuous bijection f -.C —fB such that f^^ is 'S^-measurable (i.e., f[U] 
is Yl^(B)for each open subset U ofC). 

To prove Theorem 1.3, we first prove an effective version of Theorem 1.4. It has the following conse- 
quence. 
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Theorem 1.5 Let be a countable ordinal, and B £ n^j^^{2^). Then there is C G U^iuj^), a partial 
function f : ll>^ —>■ 2^, recursive on C, and a partial function g -.2^ ^ uj^, -recursive on B, such that f 
defines a bijectionfrom C onto B and g coincides with f^^. 

To prove Theorems 1.3 and 1.5, we prove some results of effective descriptive set theory that cannot be 
found in |Mos8 0|. We prove that the pointclasses are, uniformly and in the codes, closed under taking 
sections at points in spaces of type at most 1, substitutions of partial recursive functions, finite intersections 
and unions, 3"^, among other things. 

In ||Lec05i . the following question is asked. What is the topological complexity of the set of dictionaries 
whose associated w-power is of a given level of complexity? More specifically, let 1 < ^ < wi. The following 
i:l{2^^" )\D2{T,^) sets are introduced: 

■.= {AQ2<^ \ A°°e5]^}, 

A ■.= {AC2<^ I A°°eA\} = {AQ2<^ \ A°°£U\}. 

The proof of Theorem 1.3 gives some more informations about the complexity of these sets. We will prove, 
using a result by J. Saint Raymond, that Xl^ and 11^ are Ilj^-hard if ^ > 3, which is a much better approxi- 
mation of their complexity than the one in IILec05] . The proof of this fact has the following consequence. 
Theorem 1.2 shows that the w-powers are quite general objects. On the other hand, we will prove another 
result showing that they are not arbitrary. 

Notation. Let T be a class having a universal set ^/p" C (2'^)^, and F' another class. We set 

z^(r,r'):={aG2- [ {uf UeV}. 

Let X, Y be zero-dimensional Polish spaces and A C X, B CY- We will use the following notation to 
denote the Wadge quasi-order: 

{X,A)<wiY,B) ^ 3/:X^y continuous with A = /"^(B). 

We write {X, A) <w {Y, B) if (X, A) <w {Y, B) and (F, B) A). 

The consequence we mentioned is the following. If we choose suitable universal sets, then the following 
inequalities hold: 

u{ii.m) <w^^<w i^c^i^) 

This means that the w-powers are analytic sets that do not behave like arbitrary analytic sets. This also 
means that there is a strong difference between the Borel levels on one side, and the level of analytic sets on 
the other side. Actually, our method to prove Theorem 1.3 is a method that works for the Borel levels, and it 
cannot be extended to the level of analytic sets, even if Theorem 1.3 can be extended to the level of analytic 
sets (see IIFin03ll '). Note that we will prove that h({H\, Al) is n2-complete. 
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This paper is organized as follows: 



• In section 2 we prove Theorem 1.2. 

• In section 3 we recall a few basic facts of effective descriptive set theory, and fix some notation. Then we 
prove the results of effective descriptive set theory that we need for the sequel. This is where the closure 
properties for the pointclasses "E^ are, proved. 

• In section 4 we prove Theorem 1.5. 

• In section 5 we prove Theorem 1.3. 

• In section 6 we study the complexity of some sets of dictionaries. 



Basic facts and notation. 

In descriptive set theory, we study the topological complexity of definable subsets of Polish spaces, i.e., 
of separable and completely metrizable topological spaces. 

• The notation for the Borel classes in metrizable spaces is as follows: Jl^ is the class of open sets, and if 
^ > 1 is a countable ordinal, then is the class of complements of Xl^ sets, the class of countable 

unions of sets in IJi<r7<f n^, and A? is the class S9 n 119. The class of Borel sets is 



• The class of analytic sets is the class "Sl of subsets of Polish spaces that are continuous images of Polish 
spaces. One can prove that if X is a Polish space, then ACXis analytic if and only if A is the projection 
on X of a closed subset of X x u;"^ (see 14.3 in |Kec95.| ). Then we can define the projective classes in 
Polish spaces as follows; if n > 1 is an integer, then 11^ is the class of complements of "Ej^ sets, 

is the class of projections on X of sets in n^(X x u;"^), and Aj'j is the class n 11^. 

• If r is a class of sets in Polish spaces and X is a Polish space, then a set U-^ G r(2'^ x X) is universal 
for T{X) if T{X) = {{U^)a | a G 2'^} (where {U^)a := {x e X \ {a, x) G U^}). For example, there are 
universal sets for E^^{X), n^(X), nJ(X) for any Polish space X (see 22.3 and 26.1 in IIKec95ll ). 

• Recall that a Polish space is zero— dimensional if it has a basis consisting of sets. Typically, let K 
be a countable set. If K is equipped with the discrete topology and s G K^^, then Ng := {a G | s -< a} 
is a basic A^ set of K'^ (s ^ a means that s is a beginning of a). The length of 7 G K-'^ is denoted |7|. If 
7 G K-'^ and k ^uj, then 7 f /c is the beginning of length of 7. If s ^ q = Q;(0)a(l)..., then q — s is the 
sequence a(|s|)a(|s| + l)... 

• If r is a class of sets in zero-dimensional Polish spaces, closed under continuous preimages, then a subset 
AofXi^ V-hard if for each A' eT{X') there is a continuous map f-.X'—^X with A' = /~^(A). 



2 Proof of Theorem 1.2. 





l<i<wi 



1<^<UJ1 
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If ^ G T{X) is F-hard, then we say that A is T — complete. We say that F is a Wadge class if there is 
a F-compIete set. We denote f := {^A \ A G F}. If F / f C A} is a Wadge class, then A is F-compIete if 
andonly if y4eF\f. 

• If F is a Wadge class, then A0(F) C F means that E e T{X) if € AO(^) and A G F(X). 

• If I is a set and F is a class or a set, then {xi)i^i C F means that Xj E F for each i G /. 

• Weset AO-PU(F):={U„e^ A„ n P„ [ (A„)„e^CF and (P„)„6^CA0 partition} if 1 < ^ < One 
can prove that if A^ CF/fcA}isa Wadge class, then there is a bigger 1 < ^ < wi (the level of F) such 
that F = A^-PU(F) (see nLStRSSU l 

\irj<LOi and (yle)^^^ is an increasing sequence of subsets of some space X, then we set 

:={xeX I 30<77 xGA6i\(^ Agi and the parity of 6 is opposite to that of r]}. 

0'<e 

If moreover 1 < ^ < cji, then we set D^{'SP^) := {DjjKAe)^^^]] \ {Ae)e<T] Q ^°}- One can prove that 
1)^(1]^) has level ^ if ?] > 1 (see IILStRSSn . 

• We say that uj < r] < loi is indecomposable if rj cannot be represented as rii + r]2 with r]i,r]2 < rj- It is 
known that the indecomposable ordinals are the uj^ with l<6 <uji (see IV.2. 16 in ||Lev79l ). 

Proof of Theorem 1.2. 

• We have already said that the existence of the continuous bijection / : C — > i? given by Lusin and Souslin's 
Theorem had already been used by Arnold in I.Arn83 1 to prove that every Borel subset of S'^, for a finite 
alphabet S, is accepted by a non-ambiguous finitely branching transition system with Biichi acceptance 
condition. We now recall the definition of these transition systems. 

A Biichi transition system is a tuple T = (S, Q, 6, go, Q/), where S is a finite input alphabet, Q is 
a countable set of states, JCQxSxQis the transition relation, qq £ Q is the initial state, and Qf Q 
is the set of final states. A run of T over an infinite word a G is an infinite sequence of states (ti)j>o, 
such that tQ = qo, and for each i > 0, {ti,a{i),ti^i) G 6. The run is said to be accepting iff there are 
infinitely many integers i such that ti isinQj. 

The transition system is said to be non-ambiguous if each infinite word a G S"^ has at most one 
accepting run by T. 

The transition system is said to be finitely branching if for each state q £ Q and each a G S, there 
are only finitely many states q' such that (g, a, q') G 5. 

Our first idea was to code the behaviour of such a transition system. In fact this can be done on a part 
of infinite words of a special compact set Kq^. However we shall have also to consider more general sets 
-fCAT j and then we shall need the hypothesis of the Xl^-measurability of the function /, which is given by 
Kuratowski's Theorem. 
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• We now come to the proof of Theorem 1.2. 

(a) We may assume that C T, otherwise T = {0} since A^(r) C r, in which case yl := is suitable. This 
imphes that C r since A^(r) C r. 

• Let B € r(2'^) \r, and Pqo := {a G 2'^ | Vm G a; 3n > m a{n) = 1}, which is homeomorphic to lo^ (we 
associate 0^(°ho'^(^h... to fieuj"^). As ^€11^+;^, Theorem 1.4 gives C &Il\{Poo) and /. By Proposition 
11 in IILec05ll . it is enough to find A C 4<'^. The dictionary A will be made of two pieces: we will have 
^4 = /i U vr. The set vr will code /, and 7r°° will look like B on some nice compact sets Katj. Outside a 
countable family of compact sets, we will hide /, so that A°° will be the simple set 

• We set Q := {(s, t) G 2<'^ x 2<'^ | |s| = \t\}. We enumerate Q as follows. We start with go := (0, 0)- 
Then we put the sequences of length 1 of elements of 2 x 2, in the lexicographical ordering: qi := (0, 0), 
q2 := (0, 1), q3 := (1,0), q^ := (1, 1). Then we put the 16 sequences of length 2: gs := (0^ 0^), qe := (0^, 01), 
. . . And so on. We will sometimes use the coordinates of q]\j := {q^, qj^). We put Mj := Sj<j 4*+^. Note 
that the sequence {Mj)j^^ is strictly increasing, and that qM is the last sequence of length j of elements of 
2x2. 

• If Z G u; and {ai)i^i G (cj^'^)', then a-i is the concatenation qq . . . ai^i. Similarly, ai is the 
concatenation aooi . . . 

• Now we define the "nice compact sets". We will sometimes view 2 as an alphabet, and sometimes view it 
as a letter. To make this distinction clear, we will use the boldface notation 2 for the letter, and the lightface 
notation 2 otherwise. 

We will have the same distinction with 3 instead of 2, so that 2 = {0, 1}, 3 = {0, 1, 2}, 4 = {0, 1, 2, 3}. 
Let A^, j be non-negative integers with N < Mj . We set 

Knj := { 7 = 2^ [-^ig^ rrii 2^^+^+' 3 2*^^+»+i ]g4'^ | ViGo; miG2 }. 

As the map (^jv j : K^j — >2'^ defined by y^Nji'y) '■= {nT'i)i£Lu is a homeomorphism, K^j is compact. 

• Now we will define the sets that "look like B". 

- We define a function c:Bxu}^Qhy c{a, I) := [/^^ {a) , a] \ I. Note that Q is countable, so that we equip 
it with the discrete topology. In these conditions, we prove that c is S^-measurable. 

For any g G Q, it holds that c^^{{q}) = {(a,0 e B x uj \ f^^{a) t / = g° and a \ I = q^}. 
But a \ I = q^ means that "/ = \q^\ and a belongs to the basic open set N^i". In the same fashion, 
f^^{a) \ I = q^ means that "/ = {q'^l and f~^{a) belongs to the basic open set N^o", or equivalently that 
"/ = |g°| and a = f{f'^{a)) belongs to f[C n Ngo]". As /[C n iV^o] is a 5]° subset of B, c-^{{q}) is a S° 
subset of i? X u; and c is Sl^-measurable. 

- Let N be an integer. We put 

EN--={ae2'^ \ qlfOGB and c(gjva, k/vl) = 9a^ }• 
Note that = { a G 2'^ | a G 5 and c(a, 0) = 0} = B. Let us prove that G r(2'^) for each integer N. 
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As c is E^-measurable and {qn} G ^i(Q)' we get c ^{{qN}) G ^^{^ ^ Note that the map 
S:{ae2'^ I gjyaGi?}^i?xu; defined by ^(a) := {qj^a, \qlf\)i& continuous, so that = S~^[c~^ {{qN})] 
is in A^({aG2'^ | gj^aGi?}). As B e T{2'^) and the map a^qj^a is continuous, {aG 2"^ | qj^aeB} is 
inr(2"'). Thus SArGr(2"') since AO(r) C r. 

Now we define the transition system obtained from /. 

- If m G 2 and n, p G w, then we write n ^ p if ^ and = g^m. 

- As / is continuous on C, the graph Gr(/) of / is a closed subset of Cx2^. As C is n]'(Poo), Gr(/) is also a 
closed subset of PooX2'^. So there is a closed subset F of 2'^x2'^ such that Gr(/) =Fn(PooX2'^). We identify 
2'^x2'^ with (2x2)"^, i.e., we view a) as [/5(0), a(0)], [/3(1), a(l)], ... By Proposition 2.4 in IIKec95L there 
is i? C (2 X 2)<'^, closed under initial segments, such that F = a) G 2"^ x 2"^ | VA; G a; {(3, a) \ k€ R}. 
Notice that i? is a tree whose infinite branches form the set F. In particular, we get 

(/3,a)GGr(/) ^ /3gPoo and VA;Gcj a) \ keR. 

- We set Q/ := {{t,s)£R \ t / and t{\t\-l) = 1}. Notice that Qf is simply the set of pairs (t, s) G i? 
such that the last letter of t is a 1. 

We have in fact already defined the transition system T obtained from /. This transition system has a 
countably infinite set Q of states and a set Q/ of accepting states. The initial state is go := (0) 0)- The input 
alphabet is 2 = {0, 1} and the transition relation 5CQx2xQis given by: if m G 2 and n,p^LO then 
{qn,m,qp) G 5 iff n ™ p. 

Recall that a run (ti)i>o of T is said to be Biichi accepting if there are infinitely many integers i such 
that ti is inQf. Then the set of c<j- words over the alphabet 2 which are accepted by the transition system T 
from the initial state go with Biichi acceptance condition is exactly the Borel set B. 

• Now we define the finitary language vr. We set 

' sG4<'^ I 3j,leuj 3{m^)i<l€2^+^ 3{ni)^<l,{pi)i<l,{ri)i<leJ+^ 

no < Mj 
and 

yi<l Ui'^pi and pi+n = Mj+j+i 

and > . 

\/i<l pi = rij+i 
and 

qpi^Qf 

and 

s = '^ i<i nii 2P' 2'"' 3 T'^ 

• Let us prove that ip nj [7r°° n K^j] =ENifN< Mj . 



7r:= < 
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Let 7 G 7r°° fl i^iVj, and a ■.=(pN,j (7)- We can write 

7 = ^feGc [ ^«<;, 2"? mf 2^^ 2'"* 3 2'' 

As this decomposition of 7 is in tt, we have ^ if z < Zfe, = nf^^ if z < /fe, and fc G Q/, for each 

A; G w. Moreover, pf^ = n^'^^, for each kEcj, since 7 G -f^Arj impUes that pf^ +rf^ = rf^ +?io^^ = -A^j+i+m 
for some integer m. So we get 

a(0) "(1) "Co) "Co+l) 1 a(io+2) a(«o+ii+l) i 

N ^ P'^Q ^ ... ^ PI ^ ^ ... ^ . . . 



In particular we have 



Po PIq Po Pli 



because n ^ p impUes that q^ -< qp. Note that \q^^ \ = \q]^\+Ilj<k (Ij+l), so that the sequence {\q^^. \)keui 

is strictly increasing since \q^\ = \q}^\ for each integer n. This impUes the existence of /? G Poo such that 

q^i, -< (5 for each k E u. Note that /? G Poo because, for each integer k, q k & Qf- Note also that 

Pik ^'fc 

{P, qj^a) t A; G P for infinitely many fc's. As R is closed under initial segments, (/3, qj^a) f A; G P for every 
A; G a;, so that qj^a = / G P. Moreover, 

ciQNa, \(1n\) = W t \<1n\,Qn) = {(1n,Qn) = Qn, 

and a^Epf. 

Conversely, let a G E^. We have to see that 7 := ip'^-{a) G 7r°°. As 7 G -?^7v,j, we are allowed 
to write 7 = 2^ [ -"-je^ a{i) 2^i+'+i 3 ]. We set (5 := /"H^jv")- There is a sequence of 

integers {ki)i^^ such that g^^ = (/3, gj^a) |" /. Note that N "-^ A;|gi^|^;^ > A:|^]^|_|_2 . . . As < Mj we get 
A|gi^|_)_j+i <Mj+j+i. So we can define no := A^, := A|gi^|_|_i, ro :=Mj+i— po, rii :=po- Similarly, we can 
define pi :=/C|gi^|_)_2, ri :=Mj_|_2— pi. We go on like this until we find some qp^ in Qf. This clearly defines 
a word in tt. And we can go on Uke this, so that 7 G 7r°°. 

Thus 7r°° n Kjsfj is in r(iCiv,i) ^ r(4'^). Notice that we proved, among other things, the equality 
<^o,o[7r°° n ii'0,0] = P- In particular, 7r°° fl Xq.o is F-complete in ^0,0- 

Notice that 7r°° codes on Kq^q the behaviour of the transition system accepting P. In a similar way, 7r°° 
codes on ^^atj the behaviour of the same transition system, but starting this time from the state q^ instead 
of the initial state qo- But some w-words in ir°° are not in Kq^q and not even in any Knj and we do not 
know what exactly the complexity of this set of a;- words is. However we remark that all the words in tt have 
the same form 2^ ^ [ rui 2^^ 3 2^* ]. 

• We are ready to define /x. The idea is that an infinite sequence containing a word in n caimot be in the 
union of the K^j's. 
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We set 



,1+2 



Vz<Z+l 3jeLo Pi = Mj 



and 



and 



r sG4<'^ I aZGu; 3(mOi<z+iG2^+2 BATgo; 3(P0i<,+i, (i?i)i<,+i Go;' 



,H2 



Vz<Z+l 3jGa; Pi = Mj 



and 



> , 



3jeu {Pi = Mj and P,+i7^M,+i) 



and 



s = 2^-[ ^i<z+i 2^* 3 2^« ] 



All the words in A have the same form 2^ [ '^i<i rrii 2^» 3 2^ ] . Note that any finite concatenation of 
words of this form still has this form. Moreover, such a concatenation is in /x' if its last word is in /x*. 

• Now we prove that is "simple". The previous remarks show that 

^~ = {7G4'^ I 3iG2 VjGw 3fe,nGw 3iG(/x')"^^ n>j and 7 t A: = ^,<„ }. 
This shows that G n°(4'^). 

• Note again that all words in A have the same form 2^ ^ [ ^j<; 2^^ 3 2^' ]. We set 

P := {2^ - [ ^ie^ mi 2^' 3 2^* ] G 4^^ | {mi)i^^ e2^,Neu, {Pi)i^^, {Riji^u^ G u"^ and 

VzGo; 3jGw Pj = M,}. 

We define a map F : P\m°° ^ ({0} U //) x as follows. Let 7 := 2^ [ ^^g^ 2^' 3 2^< ] G P\m°°, 
and jo G a; with Pq = M,q. If 7 G i^Arj„_i, then we put P(7) := (0, N,jo). If 7 ^ -ftrArj(,_i, then there is 
an integer I maximal for which Pi ^ Ri or there is j eu with P; = Mj and P;+i 7^ Mj+i. Let ji G a; with 
Pi+2 = Mj,. Weput 



• Fix 7 G A°°. If 7 ^ then 7 G P\ At°°, P(7) := (t, S, j) is defined. Note that t 2'^ -< 7, and that j > 0. 

Moreover, 7-t 2'5GK'o,j-i- Note also that S'<Mj_i if t = 0, and that t 2^^ 7(|t|+S') 2^^ 3^fi. Moreover, 
there is an integer < min(Mj_i , S){N = Sift = $) such that 7 - 1 2^'^ G 7r~ n Knj-i, since the last 
word in )Lt in the decomposition of 7 (if it exists) ends before t 2^. 



P(7) := (2^ - [ ^i<i rrii 2^* 3 2«' ] ^ m^+i 2^'+i 3, Ri+i,ji). 
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• In the sequel we will say that (t, S,j) G ({0} U fi) x to'^ is suitable if S < Mj if t = 0, = 3 if t G/x, 
and t 2^ m 2^i+i 3 ^ /i if m G 2. We set, for (t, S, j) suitable, 

Pt,Sj := { 7^4'^ I t 2^^7 and 7-t 2^gKoj } • 

Note that Pt,s,j is a compact subset of P\fi°°, and that F{'j) = {t, S,j+1) if 'y^Pt^sj- This shows that the 
Pt,s,j's, for (t, 5, j) suitable, are pairwise disjoint. Note also that is disjoint from U(t 5 j) suitable -^t.'S'J- 

• We set, for {t, S, j) suitable and N<rmn{Mj,S)iN = Sift = 0), 

At,s,j,N ■■= { l^Pt,s,j I 1-t 2^-^G7r°° n i^Tvj } . 
Note that At^s,j,N G r(4^) since N<Mj. 

• The previous discussion shows that 

(t,5,j) suitable N < mm{Mj , S) 
iV = 5ift = 

As r is closed under finite unions, the set 

At,s,j ■■= U At,s,j,N 

N < min(Mj,S') 
N = Sift = ^ 

is in r(4^). 

• We can write 

\{t,s,j) suitable / {t,s,j) suitable 

Note that the Pt^sj^ and U^lsj) suitable Pt,s,j are A^, subsets of 4^^ since {Pt,s,j)(^t,s,j) suitable is ^ 
countable family of closed sets. Moreover, fi°° is a — ^ subset of A^. This implies that A'^ is in 
A^-PU(r) = r. Moreover, the set A°° n P0^o,o = vr°° n P0^o,o = vr°° n i^o,o is T-complete. This shows 
that A°° is F-hard (any reduction with values in Ko,o is also a reduction with values in 4'^). Thus A°° is 
F-complete. 

We can now end the proof of Theorem 1.2. 

(b) If ^ = 1, then we can take A := {s G 2<^ | ^ s or 3k eu 10^1 -< s} and A~ = 2^^ \ {10°°} is 
5]5-complete. 

• If ^ = 2, then we will see in Theorem 2 the existence of ^ C 2<^ such that ^4°° is I]2''^omplete. 

• So we may assume that ^ > 3, and we just have to apply (a) to F : = S^. 
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(c) If C = 1, then we can take A := {0} and = {0°°} is n?-complete. 

• If ^ = 2, then we can take ^:={0''l \ k£uj} and A°° = Poo is Il^-complete. 

• So we may assume that ^ > 3, and we just have to apply (a) to F := 11^. 

(d) First notice that -D2(S°) = {B\C \ B,C £ E^}. Indeed, C is clear, and D comes from the fact that 
B\C = {B U C)\C. This implies that £'2(S^) = {B U C \ 5 G S° and C € n°}. A consequence of 
this is the closure of 1)2(5]^) under finite unions. Another consequence is A.^[D2{^^)] CZ)2(S^). Indeed, 
if D := BUC £ D2{'sf){X) and E £ A°(L>), then choose S G and n G n°(X) such that 

^ = s n L> = n n L>. We get ^=(s n u (n n C) G£'2(s^)(^)■ 
• if ^ = i, then we can take A := {s G 2<'^ | -< s or 3g G tj (101)513 -< g or s = 10^} and 
A°° = Upe^ [iV{io2)po U (Uge.. N^io^nwiri^)] U {(102)-} is i52(5:?)-complete (see §7 in lEi^OSl, and 
also example 9 in [iSta97bil ). 

• If ^ = 2, then we can take A:={se 2<'^ | 1^ ^ s or s = 0} and 

^~=( {0~}U IJ iVopi2 I n [(2'^\Poo) U{aG2'^ \ ym£u;3n>m a{n)=a{n+l) = l}] 

is Z)2(S2)-complete (see §7 in IILec05l ). 

• So we may assume that ^ > 3, and we just have to apply (a) to T := 1)2 (S^). 

(e) Let X be a zero-dimensional Polish space, and E,F £ L'^(5]^)(X). By Lemma 4.2 in [IvEnll . E x F 
is -Dr,(5]^). Now let C C 2'^ be Z),,(S^)-complete, h : 2'^ x 2'^ ^ 2"^ continuous with CxC = h'^iC), and 
f,g:X^2'^ continuous with E = f'^{C) and F = g'^ (C). It is clear that the map c:X^2'^ defined by 
c{x):=h[f{x),g{x)] satisfies E f] F = c^'^{C). This shows that D^(5]^) is closed under finite intersections. 
Thus Djj{Ti^) is closed under finite unions. 

Note also that if D £ A,(S^) and B £ S^, then BU D £ £'^(S;°). Indeed, let {Ae)e<ri ^ be an 
increasing sequence with D = D[{A0)g^j^]. We set Bq := 0, Bi := B, and B2+e ■= Ag U B if 9 <7]. Then 
{Be)e<v e is increasing, and D[{Be)e<^] = BU \J2p+i<v (^2p+i U B)\{A2p UB) = BUD since rj 
is even. This shows that if D £ £',,(S°) and B £ U^, then B (1 D £ Z)^(S^). This imphes the inclusion 
A0[^,(5]0)]C6,(S0). 

Now we can apply (a) to r:=Z)^(S^). □ 

As we already said, a Borel class remains for which we did not provide a complete w-power yet: the 
class Note that it is easy to see that the classical example of a S2-complete set, the set 2^\Poo, is not 
an 6<j-power. However we are going to prove the following result. 

Theorem 2 There is a recursive (and even context-free) language A C 2^*^ such that A°° £ ^72X112. 
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Proof. By Proposition 1 1 in liLecOSD . it is enough to find A C 3^'^. We set, for j < 3 and s e 3<'^, 
nj{s) := Card{i<|s| \ s{i)=j}, 

T := {aGS^'^ I V/<l + |a| n2ia \ l)<ni{a \ I)}. 

So T is the tree of sequences for which any initial segment contains more coordinates equal to 1 than 
coordinates equal to 2. 

• We inductively define, for s G Tn 3<'^, G 2<'^ as follows: 

if s = 0, 

t^e if s = te and e<2, 

t^, except that its last 1 is replaced with 0, if s = t2. 

• We will extend this definition to infinite sequences. To do this, we introduce a notion of limit. Fix 

{sn)neu C 2<'^. We define lim s„ G 2^'^ as follows. For each t G 2<'^, 

n— too 

lim Sn <^ 3noGw Vn>no t^Sn- 

n— >oo 

• If a G T n S'^, then we set a*~' := hm (a \ n)*^. We define e : T n 3*^ ^ 2'^ by e(a) := a^. Note that 
rn 3'^ G il{'(3'^), and e is a -recursive partial function on T n 3^^, since for t G 2<'^ we have 

• Weset£;:={sGrn3<'^ I n2(s)=ni(s) and s/0 and 1 ^ [s t -1)]^}- Note that / ^ 0°°, 
and that s(|s|-l) = 2 changes s(0) = [s \ (|s| -1)]^(0) = 1 into if s G 

• If S" C 3<'^, then S* := {-^i^i s» G 3<'^ | / G w and {si)i<i C S}. We put 

A:={0}UEU{-^j<kicjl)e3<'^ 1 [Vj</c Cj G ({0} U E^)*] and [/c>0 or (A; = and co/0)]}. 
Note that A is recursive. 

• In the proof of Theorem 1.2.(b) we met the set {s G 2<'^ | ^ s or 3k£u> lO'^l -< s}. We will call this 
set B, and B~ = 2'^\{10°°} is I]?-complete (and even S^). Let us show that A°° = e"^(B°°). 

- By induction on \t\, we get (st)^ = s^t^ if s, t GTn3^'^. Let us show that {s/3)*~' = (3^ if moreover 

/3Grn3'^. 

Assume that {sf})^ . Then there is mo > |s| such that, for m > mo, 

t^[{sP) \ m]"" = [s/3 \ {m-\s\)]^ = s^[p \ {m-\s\)]^. 

This implies that t -< s^P^ if \t\ < \s^\. If \t\ > \s^\, then there is nii G u such that, for m > rrii, 
13*^ \ {\t\-\s^\)<[l3 \ (m-|s|)]^. Here again, we get t ^ Thus {sf3)^ = (5^ . 
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Let (sj)i£a; CT n 3<'*'. Then '^jgj^ gT, and {^ieu Si)'~^ = ^ieu> s^, by the previous facts. 
-Let {ai)i^^e{A\{$})'^ and Q!:='~-jg^ a^. As^CT, e(a) = (-"^je^^ ai)^ = '~'ie<^ aV- 
If ao G {0} U E, then / -< 0°^, thus e(a) G A^o C 2^ \ {10°° } = 5°°. 
If ao ^ {0} U then ao = '^j<k {cjl), thus ='^j<fe (cj"l). 
If Co / 0, then e{a) G as before. 

If Co = 0, then k>0,so that e(a) ^ 10°° since e(a) has at least two coordinates equal to 1. 
We proved that A°° C e-^{B°°). 
- Assume that e(a) G B°°. We have to find (aiji^^j C yl\{0} with a = "^i^ui di- We split into cases: 

1. e(a) = 0°°. 

1.1. a(0) = 0. 

In this case a-OGT and e(Q;-0) = 0°°. Moreover, 0€A. Weputao:=0. 

1.2. a(0) = l. 

In this case there is a coordinate jo of a equal to 2 ensuring that a(0) is replaced with a in e(a). We 
put ao :=a f (jo + l), so that aoG£^C^, a— ao GT and e(a— ao) = 0°°. 

Now the iteration of the cases 1.1 and 1.2 shows that aeA°°. 

2. e(a) = 0^+^10°° for some /cGw. 

As in case 1, there is cq G ({0} U E)* such that cq ^ a, 0^ = 0*=+^, a-co G T and e(a-co) = 10°°. Note 
that a(|co|) = l, a— (col) GT and e[Q;— (col)] = 0°°. We put ao :=col, and argue as in case 1. 

3. e{a) = {^j<i+i 0''n)0°°forsomeZGa;. 

The previous cases show the existence of (cj)j</+i C ({0} U E)* such that ao := '~^j<i+i cjl -< a, 
a— oq gT and e(a — ao) = 0°°. We are done since ao G A 

4. e{a) = -jeoj O'^n. 

An iteration of the discussion of case 3 shows that we can take a^ of the form ""jKi+i Cjl. 

• The previous discussion shows that A°° = e^^ {B°°) . As e is -recursive, e"^(5°°) G (3"^)- 

It remains to see that e"^(S°°) ^ n^. We argue by contradiction. We know that B°° = 2'^\{10°°}, so 
e-^({10°°}) = (T n 3^)\e-i(5°°) is a Xl^ subset of 3^ since T n S'^ is closed in 3'^. Thus e-i({10°°}) is 
a countable union of compact subsets of 3'^. 
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Consider now the cartesian product ({0} U E)'^ of countably many copies of {0} U E. The set {0} U E 
is countable and it can be equipped with the discrete topology. The product ({0} U E)'^ is equipped with the 
product topology of the discrete topology on {0} U E. In these conditions, the topological space ({0} U E)'^ 
is homeomorphic to the Baire space lo'^. 

Consider now the map h: ({0} U E)'^ —>-e~^{{W°°}) defined by h{'y) := ji] for each sequence 

7 = (TO) 7i) • • •) ^ ({0} U E)'^. The map /i is a homeomorphism by the previous discussion. As ({0} U E)'^ 
is homeomorphic to u'^, the Baire space lo'^ is also homeomorphic to e~^({10°°}). This implies that lo'^ is 
a countable union of compact sets. But this is absurd, by Theorem 7.10 in IIKec95ll . 

• It remains to see that A is context-free. We assume here that the reader is familiar with the theory of formal 
languages and of context-free languages; basic notions may be found in the Handbook Chapter IIABB96II . 

It is easy to see that the language .E is in fact accepted by a 1-counter automaton: it is the set of words 
s G S^"^ such that 

Vl</<[s[ n2{s \l)<ni{s \ I) and n2{s)=ni{s) and s(0) = l and s(|s|-l) = 2. 

This implies that A is also accepted by a 1-counter automaton because the class of 1-counter languages is 
closed under concatenation and star operation. In particular ^4 is a context-free language because the class 
of languages accepted by 1-counter automata form a strict subclass of the class of context-free languages. □ 

Remark. The operation a we have defined is very close to the erasing operation defined by J. Duparc 

in his study of the Wadge hierarchy (see [ DupOlJ ). However we have modified this operation in such a way 
that is always infinite when a is infinite, and that it has the good property with regard to w-powers and 
topological complexity. 

Question. What are the Wadge classes F for which there is A C 2^*^ such that A°° is F-complete? We have 
seen that Theorem 1.2 solves completely the case where F is a Borel class, and it also solves the problem 
for some other Wadge classes. The problem is solved for a few other Wadge classes in ULecOUlLecOSII . We 
do not know (yet?) any Wadge class for which this problem cannot be solved. 

3 Effective descriptive set theory background. 

Basic facts and notation. 

• In IIMosSOII . the classical arithmetical hierarchy is defined as follows (see 3E). Let X he a recursively 
presented Polish space, [N{X, k)]/.^^ an effective enumeration of a neighborhood basis for the topology of 
X, and BQX. We say that B^E^ {X) if there is a recursive map e : w — > a; such that B = IJjgcj ^[^^ ^(^)] • 
If n > 1 is an integer, then is the class of complements of sets. We say that B € i^^+i if there is 
C G 770(u; X X) such that B = := {x G X | 3f G w (i, x) G C}. We also set Al:=E^r\ 77°. 

• We say that 7 G if {fe G w | 7 G N{u)^, /c)} G S^ito). Let (3 G 2^. The relativization i:f{(3) of to 
13 is defined as follows. A set P C X is in i7?(/?) if there is Q G i7{'(2'^ x X) such that P = Qp. As before 
wesay that7Gi:?(/3) if {A;Gw | 7G X(a;'^, fc)} G 
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• Recall the existence of a good parametrization in for (see 3E.2, 3F.6 and 3H.1 in IIMosSOl '). This 
means that there is a system of sets G^^'-^ G ^ni^'^ >^ ^) such that for each recursively presented Polish 
space X and for each PCX, 

Pes^ ^ 37ero p 

Moreover, if X is a recursively presented Polish space of type at most 1 (i.e., a finite product of spaces equal 
to uj, uj'^ or 2^), and y is a recursively presented Polish space, then there is S'q ■.u'^ xX ^uj^ recursive 
so that 

Note that is universal for S° (X) (with uj"^ instead of 2"^). 

• Let / : X — > y be a partial function, D C Domain(/) and P C X x w. Then P computes f on D if 

xeD yk£LO [f{x)£N{Y,k) ^ {x,k)£P]. 

If P is in some pointclass P and computes / on D, then we say that / is P — recursive on D. This means 
that f^^[N{Y, k)] is in P, uniformly in k. We also say recursive on D for i7{' -recursive on D. 

• We also recall the notation for the coding of partial recursive functions from X into Y introduced in 
IIMosSOl (see 7A). We first define a partial function U ■.u>'^ x X ^Y by 

U{-f,x)i ^ [7(7, x) is defined ^ 3y£Yykeuj [y£N{Y,k) ^ {-f,x,k)£G^°'^'"^], 

U{'y,x) := the unique yey such that VA;Gw [yeiV(y,fc) (7, x,fc)GG^i°'^^'^] . 

Now let 7 G uj'^. The function {7}"'^'^ : X — > y is defined by {7}"''^'^ {x):=U (7, x). Then a partial function 
/ : X ^ y is recursive on its domain if and only if there is 7 G i^j* such that f{x) = {'y}^'^ {x) when f{x) 
is defined. More generally, the functions of the form {7}^'^ are the partial continuous functions from a 
subset of X into Y. We will write {7} instead of {7}^'^ when y = 0;"^, in order to simplify the notation. 

If X is of type at most 1 and Z is a recursively presented Polish space, then there is a recursive map 
S^^^'^ ■.u^xX^u'^ such that {7}^^^'^(x, y) = '^(7, x)}^'^{y) if (7, x)euj^x X. 

Kleene's Recursion Theorem asserts that if / : lj"^ x X ^ y is recursive on its domain, then there is 
£* G such that f{e*,x) = {s*}^'^{x) when f{e*,x) is defined (see 7A.2 in HMosSOH I. This will be the 
fundamental tool in the sequel. It is very useful to prove effective versions of classical results. 

• We will use the following basic maps: 

- We first define a one-to-one map < . > : lo'^^ —>■ lo. Let {pn)neuj be the sequence of prime numbers. We set 
< >:= 1, and, if t := (to, ...,ti) euj^+'^ , then we set t :=< to, >:=Po°^^---pf 

-If kecj, then we say that "Seq(/c)" (i.e., "k is a sequence") if k=< to, t/_i > for some to, 
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- The length lh(/c) of fee w is Hf Seq(A;) and k=< Iq, >, otherwise. 

-If k,i^uj, then we define {k)i :=ti if Seq(A;), k=< to, > and i<l,0 otherwise. 

- If 7 € tj'^ and i G lu, then we define (7)4 € co'^ by (7)4 (j) := 7(< i, j >). But here we do not use the 
injection {i, j) ^ < i,j > above, since we want a bijection from into uj. So we use the notation < i, j > 
for 2* • (2j + l) — 1, when (7)4 is concerned. The inverse bijection is denoted si— > [(s)o, (s)i]. 

Borel codes and closure properties. 

Notation. We give a coding of Borel sets slightly different from the one given in MMosSOl (see 7B), since 
there is a problem for S^. It can be found in some unpublished notes written by Louveau, IILou??! . We 
define by induction on the countable ordinal ^ > 1 the set BC^ of Borel codes for Xl^ as follows. If 7 € o;'^, 
then we define 7* £uj'^ by 7*(i) := 7(^+1). We set 

BCx := {7Ga;^ | 7(0) = 0}, 

BC^ := |7eu;- |7(0) = 1 and ViG^ {7*}«i and {7*}WgUi<^<5 BCr,]iii>2. 
The set of Borel codes is 5C:=Ui<5<^i BC^. We also set BC* :=U2<e<c^i T BC^. 

Now let X be a recursively presented Polish space. We define : BC — > {X) by induction: 

fUe.. N[X^l*m if l^iBCi, 

Clearly, [BC^] = 'E^^{X), by induction on ^. The following is a consequence of 7B.l.(ii).(a) in HMosSOI . 
It expresses the fact that the class of Borel sets is uniformly closed under complementation. 

Lemma 3.1 There is a recursive map n-, : lo^ uj'^ such that for each 1 < < cji and for each 7 G BC^, 
n-,(7) G-BC^+i, and p^\u^(^^)\ = ^p^ {■^) for each recursively presented Polish space X. 

Proof. Just copy the proof of 7B.l.(ii).(a) in BMosSOl : it gives more than the statement in ItMosSOl . □ 

In the sequel we will need a refinement of 7B.l.(iii) in IMosSQI : 

Lemma 3.2 Let X be a recursively presented Polish space of type at most 1. Then there is a recursive map 
: bj^ X X ^ bj^ such that for each 1 < ^ < for each 7 G BC^ and for each x G X, ^^(7, x) G BC^, 
and p^ (7, x)] = p^ ^ ^ {l)xfor each recursively presented Polish space Y. 

Some of the ideas of the proof are contained in 7A.3 in BMosSOII . 

Proof. For ^ = 1, using the description of basic clopen sets in products (see 3B.1 in HMosSOII '). we define a 
subset of uj^ X X X UJ hy 

{-f,x,k)eP <^ 3ieuj ( k = (o,('y*{i)) ) and x£N 



X,{0,(j*ii))J 
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By 3D.5 in IIMosSOL is closed under recursive substitutions, so that P G S^. By 3C.4 in IIMosSOL 
there is P* £ A^iuj'^ x X x iv^) with 

(7,x,fc)GP ^ 3neuj {j,x,k,n)eP* 

(the idea is that in a space of type at most 1, an open set is a countable union of clopen sets). We define a 

map g : uj'^ X X ^ uj'^ hy 



(j-l)o if i>0 and [^,x,(j-l)o,(j-l)i]GP*, 



otherwise. 
Clearly, g is recursive and 3(7, x) € BCi. 

• For the general case, we define a partial function : (w'^)^ x X x w — > a;*^ by 

■g[{rKi),x] if {7*}(i)(0) = 0, 



tp{e,-f,x,i):-- 



{e}[m{z),x] if {7*}(z)(0) = l. 



The idea is that we want to build a recursive map , that will have a recursive code e*. The function ^|; 



describes the properties that we want for u^, and Kleene's Recursion Theorem will give the recursive code. 
By 3G.1 and 3G.2 in [Mos80|, the collection of partial functions which are recursive on their domain is 
closed under composition, so that ^p is recursive on its domain. Let such that 

'ilj{e,-f,x,i) = {u}{e,j,x,i) 



if '0(e, 7, X, i) is defined. Note that {u}{£, 7, x, i) = {5*^0 
define a recursive map ip : (lo^)'^ xX —>-uj'^ by 

(g{-f,x) if 7(0) = 0, 

ip{e,j,x):= 



1 



{u, e, 7, x)}{i) when it is defined. We 



(i^,e,7,x) if 7(0) /O. 



By Kleene's Recursion Theorem, there is e* € Si such that ip{e*,'y,x) = {e*}(7, x) for each (7,2;) in 
uj'^ X X. We put n^(7, x) := {e*}(7, x). Note that the map uf is a total recursive map. We prove that 
n^(7, x) satisfies the required properties by induction on ^. 

• Let {^,x)eBCixX. Wehavenf (7,a;) = {e*}(7,x) = (/7(e*,7,x)=5r(7,x). So u^{-f,x) isini3Ci,by 
the previous discussion. If moreover y is a recursively presented Polish space, then using the proof of 3B. 1 
in MMosSOi we get 

yGp^^^(7)x. ^ 3ieu; {x,y)£N[XxY,Y{i)] 
^ 3iecu (^yGiv[y,(0,(7*(i))J 

4^ 3keuj [yeN{Y,k) and {j,x,k)eP] 
^ 3i£uj (^y£N[Y,{i)o] and [7, x, (i)o, (i)i] G P* 
^ 3ieuj yeN(Y,[g{j,x)]*{i)] 

^ y^p^iaii^x)]. 



and x^N 
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• Now let (7, x) G BC^ x X, with ^ > 2. We have 

ufh,x) = {e*}{-/,x)=Lp{e*,-f,x) = l'^S^^o^ xx,a;,c^ (i/,e*,7,x). 

As 7 € BC^, {7*}(i) is defined for each integer i. In particular, ■ip{e*,^, x, i) is defined for each (7, x, i) in 
uj'^ xXxuo since {7*}(i)(0) G 2, and equal to 

{i/}(e*,7,x,i) = {S'^o ^ '''^''^''^ (zy,e*,7,x)}(i). 

This shows that {14^(7, is defined for each integer i. If {7*}(i)(0) = 0, then 

{^f (7, x) * } (i ) = g [{7* } « , x] = [{7* } W , ^] • 

As {7*}(i) gBCi, [{7*}(i),x] is in SCi too. Similarly, if {7*}(i)(0) = 1, then 

{nf(7,x)*}« = {6*}[{7*}(i),x]=nf[{7*}(i),x]. 

Then uf[{'^*}{i),x\ G -BC,, for some 1 < r? < ^, by induction assumption. This shows that u^{'y,x) is 
in BC^. If y is a recursively presented Polish space, then (^u-^ [{'y*}ii), x]^ = p^^'^[{'y*}{i)]x, by 
induction assumption. This shows that p^[uf{'y, x)] = p^^^ {'^)x- □ 

Lemma 3.2 expresses, among other things, the fact that the pointclasses are uniformly closed under 
taking sections at points in spaces of type at most 1. Similarly, we now prove another lemma stating, among 
other things, that the pointclasses are uniformly closed under substitutions of partial recursive functions 
(when 5 below is recursive). 

Lemma 3.3 Let X, Y be recursively presented Polish spaces. Then there is u^'^ : [lo'^Y ^oj^ recursive 
such that for each 1 < ^ < wi, for each 7 G BC^ and for each 5 G w^, Ur ' (7, 6) G i?Cg. Moreover, we have 
xep^[u^'^{j,6)] ^ W^'^(x)G/9^(7) if{6}^'^{x) is defined. 

Proof. The scheme of the proof is quite similar to that of Lemma 3.2. Indeed, this is again an application of 
Kleene's Recursion Theorem. For ^ = 1, we choose Si (uj^ xX xlo) such that 

U{6,x)i yk£Lo [U{d,x)£N{Y,k) ^ {6,x,k)£P]. 

(this is possible since U is recursive on its domain; see 7A.1 in MMosSOII '). By 3C.4 and 3C.5 in HMosSOl . 
there is P* G Z\5(w'^ x lo^) with 



{6,x,k)eP ^ 3ieuj (xeN[X,{{)o] and [5,k,{i)o,{i)i]€P*). 
We define a map g : (tj'^)^ ^o;'^ by 



((j-l)o)^ if j>0 and [<5,7*[(j-l)i],((j-l)o)^,((j-l)o)^ 



eP*, 



otherwise. 
Clearly, g is recursive and g{j, S) G BCi. 



19 



For the general case, we define a partial function ^ : {lo'^)^ xoj^lo'^ hy 

g[mii),6] if {7*}(i)(0) = 0, 



'ip{e,'y,5,i):-- 



{e}[m(i),S] if {7*}(0(0) = 1. 



We argue as in the proof of Lemma 3.2 to define (p : (cu^)^ ^cu^, and we put ii^'^(7, 8) := {£*}(7, (^). The 
map Mr ' is a total recursive map. We show that Ur' (7, 5) satisfies the required properties by induction 
on^. 



• If (7, 5) e BCi X uj'^ and {5}^^'^ (x) is defined, then 



4» 3A;Ga; xGiV 



5(7, '5)* (A:)] 



X, ((A:)o) J and [<^, 7* (Wo)^, ((fc)o)^ 



4» 3jGa; 3fGcu (xG Ar[X, (i)o] and [5,7*(i), Wo, Wi] eP*) 

<^ 3jGw [5,x,7*(j)]GP 

4^ 3iGu; {5}^'^(x)GA^[y,7*(j)] 

^ {<5}^'^(x)G/9'*'(7). 

• Now let 7 G with ^ > 2, and 5 G o;'^. As in the proof of Lemma 3.2, Ur'^ (7, (^) G If {(5}^'^ (x) 
is defined, then 

xGp^(nf'^[{7*}(i),<5]) ^ {<5}^'^(x)Gp^[{7*}(^)], 

by induction assumption. This shows that x Gp"^ [ti;J'"''*^(7, (5)] {(5}"^'^(x) G (l)- □ 

As a corollary, one can prove the uniform closure of the pointclasses "E^ under fixations of recursive 
arguments. It is sometimes convenient to "view a code in BCi as an element of BC2", even if it is not 
formally correct. The next lemma expresses this: 

Lemma 3.4 Let X be a recursively presented Polish space. Then there is :uj^ ^lo^ recursive such that 
foreachjeBCi (resp., BC*), u^{j)eBC2 (resp., uf{-f) = ^), and p^[u^ {-f)]= (j). 

Proof. We define R G S^iuj'^ x X) by (7, x) G i? ^ 3z G w x G N[X,'y*{t)]. As R e there is 
Cen^{uxuj'^xX) suchthati? = 3'^C. LeteoS^i such that -C=Ujg^ N[uxu'^ xX,eQ{i)\. Note that 
0'~~eo € ^1 n BCi and -^C = p"^^"^"^^ {<d^eo). Using Lemma 3.2, we see the existence of 70 G such 
that {7o}(7, i) = u^""""" (0^£o, i, 7) for each (7, i) Ga;'^ xw. Then we define (7) := 1^5^o (70, 7) 
if 7 G BCi, 7 otherwise. □ 

We now prove another lemma stating, among other things, that the pointclasses S° are uniformly closed 
under finite intersections and unions: 

Lemma 3.5 Let X be a recursively presented Polish space. There is uj : 2 x a; x a;'^ — > o;'^ recursive such 

that for each a, n, 7) G (a;i\{0}) x 2xc<j xoj'^, 

(a) If (7)4 G BCi U BC^for each i < n, then uj (a,n,j) is in BCi U BC^. Moreover, the equalities 

[uf (0, n, 7)] = f]i<n M^] 7)] = Ui<n p"" hold. 

(b) If moreover ^ > 2 and (7)^ G BC^for some i<n, then uj (a, n, 7) is in BC^. 
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Proof. Once again, this is an application of Kleene's Recursion Theorem. For ^ = 1, by 3B.2 in IIMosSOl 
there is f : lo^ —>■ recursive such that, for (n, n) G w^. 



fl N[X,{u)^] = \J N[X,f{u,n,m)]. 



We set g{a, n, 7)(0) :=0 and 



ff(0,n,7)(.+ l):=/(^< [(7)o]*[(Wo)J,...,[(7)n]*[((i)o 

f[(7)(.)o]*[(i)i] if «0<n, 
[ otherwise. 

Note that g{a, n, 7) G BCi. If (7)4 € BCi for each i<n, then we get 
p^b(0,n,7)] = Ue^ iV[X,5(0,n,7)(^+l)] 



Uo-,™)e.2 N[x,f(^< [(7)o]*[(j)o],...,[(7)n]*[(j)n] >,n,m 
U,e. a<„ iv(x,[(7),]*[(j)^] 
a<n U.e.. iv(x,[(7).]*(j) 
a<„ P^[(7).]. 



Moreover, 



p^[5(l,n,7)]=U iV[X,5(l,n,7)(. + l)]=U U N[X,[{j),nj)) =[j ^^[(7).]. 



i6w 



i<n 



• For the general case, using Lemma 3.4 we define a partial function /i : o;'^ x o;^ — > o;'^ by 

. [{(nf[(7).])*}[(iW if ^<^, 

(^(7>",j)j .:= < 

0°° otherwise. 

It allows us to define another partial function ip-.oj^ 2 y. ujxu^ y.uj^u'^ hy 

■0(e, a, n, 7, j) := {e}[l-a, n, /i(7, n, j)]- 
We argue as in the proof of Lemma 3.2 to define v and a recursive map Lp:uj^ y. 2 xujxuj^ ^uj^ hy 

g{a,n,j) if (7)4(0) =0 for each i<n. 



ip{e,a,n,j):=< 



1'^ S'^o^'^^^^'^ '^''^ {u,e,a,n,-f) if (7)4 (0)/0 for some i<n. 



By Kleene's Recursion Theorem, there is e* G such that ip{e* , a, n, 7) = {e*}{a, n, 7) for each (a, n, 7) 
n ^ 



in 2 X X a;'^. We put uj{a, n, 7) := {e*}(a, n, 7). The map Uj- is a total recursive map. We show that 
uf {a, n, 7) satisfies the required properties by induction on ^. 
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• Assume that (7), G BCi holds for each i<n. We have uj{a, n, 7) = g{a, n, 7), so we are done, by the 
previous discussion. Assume now that ^ > 2, and that (7)4 G BCi U BC^ for each i<n. We may assume 

that (7)4 G BC^ holds for some i<n. Then | [(7)1]^ | (k) is defined for each integer k. In particular, 
/i(7, n, j) and ^(e*, a, n, 7, j) are defined for each (a, j) in 2 x w. Thus 

{uf (a, n, = uf[l-a, n, h{-f, n,j)] 

is defined for each integer j. As | (^u^[{'y)i\j is in some -BC^^. with 1 < % < ^ for each integer k, 

there is 1 < < ^ such that (ji{^,n, j)^ is in BCi U BC^ for each i<n. By induction assumption, we 

get uj[l — a,n, h{'j,n,j)] G BCi U -BC,,. This shows that uj{a,n,"f) G SC^. Moreover, by induction 
assumption we get 

p^[nf(0,n,7)] = U,-e^ - U<n [(/i(7, n,i) 

= U,e. a<„ -P^[{(^f[(7).])*}[(j). 

= a<„u,6. -p''[{(«f[(7).])*}(j) 
= a<„ ^"^[(7).]. 

Similarly, we get p^[mJ^(1, n, 7)] =Ui<„ P^[(7)i]- 



□ 



In the sequel we will need a last closure property, asserting, among other things, that the pointclasses 
5]^ are uniformly closed under 3"^: 

Lemma 3.6 (a) There is a recursive map U3 : tj'^ lo^ such that for each \ <^<<jJ\ and for each 7 G BC^, 
u^(c{)^BC^, aridx^p^\ii^,{;~{)\ <^ 3nGa; {n,x) ^ p'^^^ {"/), for each recursively presented Polish space 
X and for each x£X. 

(b) There is a recursive map n( ) -.u^ ^uj'^ such that for each 1 <^<u;i, (7)^ €BC^for each nGw implies 
that M( ) (7) G BC^, and x G (7)] 44> 3n G w a; G [{l)n\ for each recursively presented Polish space 

X and for each x&X. 

Proof. Once again we code the properties that we want. So a look at the end of the proofs of (a) and (b) can 
give an idea of the intuition behind them. 

(a) By 3B.1 in MMosSOII . there are g and h recursive such that N{uj xX,k) = N[lo, g{k)] x N[X, h{k)] for 
each integer k. If 7(0) = 0, then we put 



h(j*[{j-l)o]) if i>0 and (j-l)iGiV u;, g(j*[{j 
otherwise. 
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Using Lemma 3.2, we define a partial function f ■.lo'^ xlo^cj'^ hy 

/(7,i):=<({7*}[«i],«o). 

As / is recursive on its domain, there is eo € such tliat f{'j,i) = {£o}(7)^) if f{l,i) is defined. If 
7(0) ^ 0, tfien we put 1*3(7) •= l'~'5'^o''^''^ {^o,j)- This defines a recursive map ug. If 7(0) / and 

7 G BC^, then {[«3(7)]*}« = {5^o'"'"^£o, 7)}(0 = {eo}{l,i) = f{l,i). Thus U3ij) G even if 
7(0) = 0. Let xeX.lf 7(0) = 0, then 

3neu} {n,x)ep'^^^{'y) ^3neu;3peu} {n,x)€N[uJxX,'y*{p)] 

<^3neui3peu} neN(uj,g['y*{p)fj and x e N (^X , h[y* (p)] 



4» x€p^ [1*3(7)]. 



and xeN 



XM 



If 7(0)/ 0, then 



3neuj {n,x)ep'^^^{'y) ^3neLu3peuj in,x)^p'^^^[{'j*}{p)] 

^3ieu; -[(Oo,x]e/>->^^({7*}[(^)i]) 
-^3ieu! x€p^[/(7,i)] 

<^xep^[u3{j)]. 



(b) If (7)0(0) = 0, then we put 



(0 if j = 0, 



■= < 



. [(7)o--i)o]*[(i-l)i] otherwise. 

We define a partial function /' : a;'^ x a; — >■ w'^ by f'{'y,i) {[(7)(?)o]*}[(^)i]- As /' is recursive on its 
domain, there is 70 G Si such that /'(7, ?') = {7o}(7, i) if /'(7; i) is defined. If (7)0(0) 7^ 0, then we put 
«( )(7) := I'^S'^,,''^''^ (7O) 7)- This defines a recursive map Uj- ). If > 2 and (7)^ G SC^ for each integer 

n, then {[ng (7)1*1(0 = {-^^o '"'""(70, 7)}(0 = {7o}(7, ^) = /' (7, 0- Thus «(.)(7) G^Q, even if ^ = 1. 
LetxGX. If (7)0(0) = 0, then 

3neu; xep^[{'y)n]<^3neu;3peLU xeN(x,[{'y)n]*{p)^ 
^3ieu; xGiv(x,[(7)(,)„]*[(z)i]) 

^xep^[u^,){-r)]. 

If (7)0(0)7^0, then 



3nGa; x€ p^ [ij)n] ^ 3neu 3peu x^p^(^{[(7)„]*}(p) 

4^3iGu; -xGp^({[(7)(.)o]*}[(Oi]) 
<;^3iGa; a;Gp^[/'(7,i)] 
4»xGp^[n(.)(7)]. 



This finishes the proof. 



□ 
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The hyperarithmetical hierarchy. 



The notion of a hyperarithmetical set is defined in MMosSOII (see 7B): a subset of a recursively presented 
Polish space is hyperarithmetical if it is Borel and has a recursive Borel code. We can define a hyperarith- 
metical hierarchy, extending the arithmetical hierarchy. The following characterization of the arithmetical 
pointclasses Z"^ can be found in Louveau's notes [|Lou??l : 

Theorem 3.7 Let X be a recursively presented Polish space, and n>l an integer Then 

i70(x) = {p^(7)|7e^?nsc.}. 



Actually, we will use only a small part of it. 
is E^{X), then there is 7 G n BCi with P 
P = Ue^ N[X,e{i)]=p^{^-e). Th us 7 := 0^ 
after Theorem 3.7, and can be found in IILou??ll : 



More specifically, we will only use the fact that if P 
- P^il)- It is very simple: there is e ^ such that 
e is suitable. The following definition comes naturally 



Definition 3.8 Let X be a recursively presented Polish space, and 1 < ^ < uJi. Then we set 

E^ix) = {p^{^)\^eS?nBC^}, 

n^{x) = Elix), 

A^ix) = s^{x)nn^{x). 

This defines the hyperarithmetical hierarchy. 

Note that Lemma 3.3 (resp., 3.5, 3.6) implies that the hyperarithmetical pointclasses are closed under 
recursive substitutions (resp., finite intersections and unions, 3*^). Now we construct recursive maps giving 
codes for the basic neighborhoods and their complements in spaces of type at most 1. 

Lemma 3.9 Let X be a recursively presented Polish space of type at most L 

(a) There is a recursive map ujv : w^cj'^ such that U]\f{k) € BCi, and p^[u]y{k)] = N{X, k). 

(b) There is a recursive map u^j^j :uj—>lo'^ such that u^jyf{k) ^BCi, and p^[u^jyj{k)] =^N{X, k). 

Proof, (a) Put UN{k) :=0/!:0~. 

(b) By 3C.3 in MMosSOi the equivalence {x,k)eR^ N{X, k) defines R G i;^{X x uj). By Theorem 
3.7 there is 70 € n BCi with i? = p^x'^(7o). Using Lemma 3.2 we set u^^{k) ■=u'^{jq, k). □ 

Now we use this to prove that, uniformly in > 2, a set in the pointclass Yp^{X) (resp., I!^{X)) is the 
disjoint union of sets in 11^^ (resp., H^^), if X is a space of type at most 1. We will use the notation 

to express the fact that E is the disjoint union of the EiS. 
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Lemma 3.10 Let X be a recursively presented Polish space of type at most 1. Then there is a recursive map 
such that (7) € BC^ if 1^ BC^, for each 1 < ^ < ijJi- Moreover, 



Uj .LO — >Uj 



(a) There is a recursive map uf xu^u'^ such that 

(1 ) u^{'y,i)eBCi for each (7, z) G o;'^ x cj. 

(2) {HilWm isdefined, in BC,, ({[txf (7)]*}«) G A? ({[nf (7)]*}(0) = p"" [u^ il , i)] 
for each (7, i) G BCi x a;. 

(b) Ifl<^< oji and jeBC^, then (7) = [j ^p"" [{[u^ 



Proof. For ^ = 1, a look at the computation of (7) at the end of this point can help to understand what is 
going on. We first define a map f ■.u'^xuj^ u'^, using Lemma 3.9, as follows: 



(/(7,0) := 



UN[l*{i)] if j>i. 



As / is recursive, the formula ^^(7, i) := it^[0, /(7, i)] defines recursive such that ^^(7, i) G BC\ 
for each (7, z) G o;^ x a; (see Lemma 3.5). Then, using Lemma 3.9, we define a map f ■.00'^ xuj^oo'^: 

'«Ar[7*(i)] if j<i^ 



,^^iv[7*«] if j>i- 



As / is recursive, and using Lemma 3.5, there is £q G Si such that {eo}(7, z) = 'uf[l,i,f{'y,i)] G BCi 



for each (7,i)Ga;'^ x uj. We define a recursive map g : ^ uj^ by 51(7) := O^Syo' ' (eq,^). If 



(7,i) G BCiXiv, then {b(7)]*}« = {^^o'"'" (£o,7)}W = {eo}(7,i) = uf[l,i,fij,i)] is defined. 



X 



{[9(7]]* G A5 since it is a finite union of clopen sets, and ~'p'^ (^{[g{'y)]*}ii)j = P'^[u^ ilji)]- 



P 



Moreover, 



p''(7) = Uea, N[X,^*ii)] = [jN[X,Yii)]\[[J N[X,^*{j)]) 

i£uj j<i 

= U -[p^(«^jv[7*«]) UU p^(«iv[7*(j)])] 

= U -p''{uf[i,i,fii,i)])=\j -P^({b(7r}«). 



• For the general case, assume that 7 G -BC^, with ^ > 2. We set Bj := p [{7*}(i)], so that we can write 
P^ (7) = U.eo; ■ Note that {7* } (j) G BC^ . , where 1 < r/,- < ^ We set 



Bj,i:- < 



'^7V(X,[{7*}(J)]*«) if [{7*}(J)](0) = 0, 
f''{{[{rmr}{i)) otherwise. 
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sothat5j:=Uie^-Sj,,. 



By Lemma 3.9, Bj j = 



u 



X 



([{7*}(i)]*W)]if[{7*}(i)](0) = 0,and 

UN{[{rmni))] if [{7*}(j)](o)=o, 



otherwise, 



by Lemma 3.L Thus 



=u n ^A^fe 



=u n ( u -B,,\\B, 
= u n ( u n ^..A B,^ \b, 

keu) j<k ^ iecv l<i ^ 

= U ( n n 

ieuj ^j<lh{i) l<(i)j ^ 

=U-(^"^»u U U ^.-.w.u-s.A 



j<lh{i) l<{i)j 

Note that the code for Bi^j is a partial recursive function of 7, i and j. Using Lemma 3.5, this shows 
the existence of a partial function : u;'^ xo; ^ o;^, recursive on its domain, such that /^(7, i) is in 

Ui<T,<e ™^ P^^'^^ = U "'P^[/^(7' 0] foJ" ^^'^l^ 7 ^ with ^ > 2. There is £1 G T}* such that 

/^(7,i) = {ei}(7,i) = {5'lo''^''^"(ei,7)}(i) if /^(7,i) is defined. We define /i : o;'^ ^ w'^ by the formula 
/i(7) := 1^6"lo''^''^ (si) 7)- The map h is recursive, /i(7) € BCc and 



p''{l)=[^-p''[ml)r}{i)) 



if 7G5Cg andC>2. 

• It remains to set (7) := ^'(7) if 7(0) = 0, h{'j) otherwise. 



□ 



Now we will show that the hyperarithmetical hierarchy makes sense, i.e., the existence of sets of arbitrary 
complexity under u^^. The intuition is quite simple: we take universal sets. But we have to check that this 
is effective. 
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Notation. Recall that if a G w'^, then <a'= {{'m, n) e lo'^ \ a{< m,n>) = 1} (see 4A in IIMosSOII ). and 
<a'.= {{m, n) Guj"^ I a(< m,n>) = 1 and a(< n, m >) / 1}. The first relation is used to define the set 
WO:={a&(jj'^ \ <a is a wellordering on its domain {nGco \ n<a n}}, which is used to define 

(jf^ :=sup{|a| I a£WOnS^}, 

where |a| is the order type of <„. The ordinal uif^ is the first non recursive ordinal. If a € w'^ and p£u!, 
then we define a|p G 2'^ C a;'^ by 

a^p{q) = l 44> Seq(g') and lh(g') = 2 and a{q) = l and ViG2 {q)i<aP- 

If a E WO, then a\p G WO and <a^p is the restriction of to the strict -predecessors of p. The next 
lemma expresses the fact that one can find cofinal sequences of ordinals recursively. 

Lemma 3.11 There is a partial function rj : uj^ x w — > uj'^, recursive on its domain, defined if WO and 

\0i\p \ > 1, such that \ =SUp T {!a|r;(a,p)(n) 1 + 1 I n£u)}. 

Proof. This is an application of Kleene's Recursion Theorem. We define a partial function g-.LO^XLU^u; 
by 9{ot,p) := min{m G u; | m p} if it exists. Note that g is recursive on its domain and defined on 
D:={{a,p) G WOxui \ \a^p\>l}. We define a map /i : cj'^ x cj^ ^ a; by 



h{a,p, n, m) :- 



n if m <a n p, 
m otherwise. 

Note that h is recursive. This allows us to define a partial function ip : {to^)'^ xlu'^ by: 

g{a,p) if n = 0, 



ip{e, a,p, n) := < 



h[a,p,n — l, {e}'t^o^'^ {a,p,n — l)] if n>l. 



Note that ip is recursive on its domain, so that there is e* G such that {e*}{a,p, n) = ip{e* , a,p, n) if 
'il){e* ,a,p, n) is defined. Now it is clear that ip{£* , a,p, n) is defined if (a,p) G D, by induction on n, and 
that |a|p| = sup| {|a||£.}(Q p ,^)| + l | nG w}. We put ri{a,p){n) ■.= {e*}{a,p, n) if ■il}{e*,a,p, n) is defined. 
Clearly, rj is defined on D and suitable. □ 



Notation. In the next lemma we identify {to^)"^ with lo"^ , using the formula y{5q)q(z^j = 5n- Let a G WO, 
7o G Lo'^, and u : lo'^ —>■ lo'^ a. map. Using Lemma 3.11 we can define, by induction on p (with respect to the 
wellordering <„), and if [a|p| > 1, 7|„|^[ := it[(7|a|^(<,,p)(„)|)nea;]- The next lemma expresses the fact that 



7i„, I is recursive if the datas are recursive. 



Lemma 3.12 Let 6 < iJ(^ , a G WO n 17° with 0+ 1 = | a [, 70 G T,^, u : uj'^ ^ uj'^ a recursive map, and p^uj 
such that p<aP- Then 7|a|^| is Si- 
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Proof. Once again, this is an application of Kleene's Recursion Theorem. Fix poGu with |a|pQ | = 0. Using 



Lemma 3.11, we define a partial function / : x w ^ w'^ by f{e,p) := u 
that / is recursive on its domain. We define a partial function t/j : lo^ x u ^ uj^ hy 



. Note 



70 if P=Po, 
J{s,p) if pj^Pq. 



As ip is recursive on its domain, there is e* G with {e*}{p) = 'ip{£*,p) if ip{e*,p) is defined. It remains 
to see that ip{e*,p) is defined and equal to 7|Q|p| if p <a P- We argue by induction on p (with respect to 
the wellordering <a). If p = pq, then tp^e* ,p) = 7o = 7|Q|p | = 7|a|j,|- Assume now that |a|p| > 1, and 
that the statement is proved for q satisfying \a\q\ < \a\p\. Then ip[e* ,r]{a,p){n)] is defined and equal to 
^l"|.7(a p){7i)l e.a.ch n £ Lu. It is also equal to {e*}[r]{a,p){n)]. Thus f{e*,p) is defined and equal to 

^[(7|a|^(„_p)(„)|)nG(^] =7|a|p|- D 

Notation. In the next lemma, a G WO and we study the formula building universal sets for the additive 
Borel classes. We set p := \oi\p\, and r/^ p „ := \a\r)(a,p){n) I if ["^Ipl ^ 1- 



Lemma 3.13 There is u : cj*^ — > uj"^ recursive such that {'y)n £ ^Ci+r^a p „ far each integer n implies that 

n(7) G BCi+^^^^ and {f3, 6) G [^(^)] ^3nGio [(/9)„, 6] i [(^)^]. 



Proof. First note that there is G with {eo}'^''^^"^ '^^"^ = [(/?)n,<5] for each (n,/3,(5) in 

a; X (2^^)^. Similarly, using Lemmas 3.2 and 3.3, we see that there is e\ G I^^ ^^'^^ that, for each (7, n) in 



o;"^ XL<j, {ei}(7,n) = u^^^Ur ^ ''^ [(7)^, eq], nj . We put ti(7) := I'^S'^o' ' (ei, 7), so that n is a 



recursive map. Moreover, {[n(7)]*}(n) = {ei}(7, n) = u^^yur ^ ' ' [(7)„, eq]; '^j is defined and in 
BCi+rj^^^ „, so that u{j)£BCi+rj^^^. Finally, 

(/3,<5)Gp(2-)^[n(7)]4^3nG^ (A <5) ^ Z^^'")' {W7)]*}W] 

^3nGio {(3, 6) i (^.^{2-)\{2-)^ [(7)n, £0], n) 

4^ 3n G (n, /3, <5) ^ p-x (2")' J^^-x (2")^(2")2 [(7)™, ^o]) 

This finishes the proof. □ 
Theorem 3.14 Let\<i< ^, and F be one of the classes S^, U^. Then there is G r{2^)\t. 
Proof. Assume first that F = E^. As in 22.3 in ||Kec95l we set 

{P,6)eU^o ^ 3k£io f3{k) = and 6eN[2'^,k], 

so that U^o G S^[{2'^f] is universal for S?(2'^). We define a recursive bijection tp : 2"^ ^ (2'^)^ by 
^.(7)(A;) :=7(2/c + i), for i G 2. We set Bi ■.= ip-^{U^o), so that is U^. As in 22.4 in IIKec951 . we see 
that U^o ^ 115. Thus Bi ^ II^ since is a homeomorphism. 
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PTC 

So we may assume that ^ > 2 and we will generalize this. Write ^ = 1 + 9, with 1 <6 < uj^ ■ Let 
a £ WO n Si with + 1 = |a|. Using the previous notation, we get rja^p = sup t {'r]a,p,n + 1 I n € w} if 
r]a,p > 1> by Lemma 3.11. As in 22.3 in |.Kec95 1 again we inductively define, if t/q, p > 1, 

SO that U^o is universal for 5^?+^^ p (2"^ ) • 



Note the existence of g € w with r/c g = 6. As before we put B^:='ip ^ (^|;o), so that is not 11^. By 



Lemma 3.3, it remains to see that is ^i+va ■ Theorem 3.7 there is 70 G i^}* n i?Ci such that 

l + Va.p 

U^o =p*-^^'' (70)- Lemma 3.13 gives u recursive. We can apply Lemma 3.12, so that J\a^p\ ^ ^1 is defined 
for each p with p <aP- By induction we see that 7^^ ^ € BCi+ri^p^ by Lemma 3. 13. Moreover, 

This inductively shows that p^^"')^ (^^^^^) ^^2- _ jj^^^ ^2- • 

Assume now that T = i7|. The previous facts give B^ G S^{2'^)\I^. But it is clear that := ^B^ is 
ini70(2'^)\5]0. □ 

Remark. We can define, for /3 G 2^, := sup{|q[ | a G 1^0 n If X is a recursively presented 

Pohsh space, then we can define X!^{l3){X) = {^^(7) | 7 G n BC^}, 77°(/3) := and also 

Z\^(/3) := S^{P) n n^{j3). One can check that this definition of is equivalent to the one we gave in 

section 3. The previous proof shows the existence of B^ G (2*^) \n^, for 1 < ^ < lo^. Indeed, the only 

things to change in the proof are the following. In Lemma 3. 12, 6^ < tjf , a G (/?) , / and V' become Z"? {(5) 
on their domain by 3D.7, 3G.1 and 3G.2 in IMosSOI . Then we can apply 7A.2 in IIMosSOl to get e* . The 
conclusion becomes '^\a^^\ G The result follows. 

4 Effective versions of Kuratowski's theorem. 

Notation. Let ^ < tJi. Then ^ — 1 will denote the predecessor of ^ if it exists, ^ otherwise. We also define 
:=,^ — 1 if ^ > 3, ^ otherwise. 

Theorem 4.1 Let a G 2. There is a partial function F"' :oj^ (w*^)^, recursive on its domain, such that 
(a) For each 1 < ^ < 2 and for each 7 G BC^, coding B := -ip^" (7) G 11^, -^'^(7) is defined and 

(1) F0(7) G BCi (codes C:=^p^^ [F^{^)] G n?). 

(2) f := {-^1 (7)}|^ defines a continuous bijectionfrom C onto B. 

(3) -F2 (7) S BCi codes an open set computing a partial function g : 2^ —^lo^, defined and continuous on B, 
which coincides with f^^. 
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(b) For each 1 < ^ < wi and for each 7 S BC^, coding B := ^/O^" (7) G I!?, (7) is defined and 



(1) (7) G BCi (codes C:=^p^^ [F^ (7)] G n?j. 

(2) / : = {F^ (7)}|(^ ' defines a continuous bijection from C onto B. 

(3) -^2^(7) G BC^- codes a i'ef computing a partial function g : 2^ ^uf^ , defined and -measurable 
on B, which coincides with /~^. 

Proof. Let us look at the case where ^ = 1 first. We define /i : u; ^ w by 

'0 if f(fc)i) =0, 



min{/Gu; | j^<y^ — \ ^ } otherwise. 



{k)i +1 



Clearly fi is recursive. Let us recall, for each kGuj, the definition of the basic neighborhood: 



if (k), 



-0, 



{<5gu;-| yj<m 5(j)=(((A;)i)J } 



otherwise. 



In 3A.2 in liMosSOU the recursive map sg:LO is defined by sg{n) :=0 if n = 0, 1 otherwise. The recursive 
presentation of 2'^ ensures that 



N{2'^,k):=< 



if Uk)^ 



--0, 



aG2'" I yj<fiik) a{j) = sg 



otherwise. 



We view 2'^ as a subset of u'^. We denote by Id2^ the partial function defined on 2"^ ^ u;"^, with values in 
2'^, by Id2- (a) := a. It is recursive on 2'^, since the relation "a G N{2'^, k)" is ^{'(lj'^ x oj) on 2'^ x w. Thus 
there is 60 G with {(^o}"""'^" (a) = Id2- (a) for each a G 2"^. By Lemma 3.3 we have (7, 5o) G SCi 

and a G [7/^'^" (7, ^o)] ^ a G p^" (7) if 7 g and a G 2'^. As 2^ G i7i°(cu^), there is 70 G n BCi 
with 2"^ = -ip"^" (70), by Theorem 3.7. We define a recursive map / : w'^ ^ o;"^ by ( f{-f) ) := 70 if i = 0, 



Mr (7, (^0) Otherwise. 

If 7 G SCi, then using Lemma 3.5 we set F^{'y) := 1, /(7)], so that F(f (7) G SCi and also 

2np'"(7) = -p""[i^o"(7)] since 



P""[^o (7)] = U l(/(7)) J =P"^(7o) U [nf '2"(7, <5o)] =0.^2" U 
i<i * 

Thus B = 2"^ (7) G n? (2" ) , and C = We set Ff (7) : = 5o if 7 G -BCi , so that condition (2) is fullfiUed. 
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We define PC2'^ XL.; by 

{a,k)£P ^ aeN{2'^,k) and 



yj<Kk) (((^)i)g 



<2 



As P is i7°, there is eo G ^1° n 5Ci with P = p'^'"'<'^{eo), by Theorem 3.7. We put ^2^(7) :=eo if 7 G BCi, 
so that (7) codes P computing the canonical injection from 2^ into lo'^ since if a G 2'^, then we have 
qGA^(u;'^,A;) P{a,k). So we are done if 7e-BCi. 

• For the general case, we give the classical scheme of the construction before getting into the effective 
details, to make things easier to understand. So let B E 11^. There is {Bi)i^^ C IJi<,y<^ such that 

B = flieo; ~^Bi- Using Lemma 3.10 we will find {Bij)ijf.^ C Ui<,,<5 with ^Bi = [j Bij. We will 



argue by induction on ^, so that we will get Cij € UKuj^), fij : Cij Bij, and gij := f- ^. The objects 
we are looking for will be the following: 



J&UJ 

-1 



C:={6euj''\ Mteu [(5).]*gQ,(5),(o) and A(5),(o) ([(5),,]*) = /o,Wo(o) ([(<5)o]*) }, 



f{5) := /o,(5)o(o) (^[('^)o]*j- To define g, we define h: B ^oo'^ by h{a){i) :=min{j Gtj | a^Bij}. Note 
that h{a){i) is also the unique integer j satisfying aGBij. We will have ( g{a) ) ■.=h{a){i)^ g^ h(a)(i){'^)- 



• We set 

(e,7)GQ 



^ ^>2and7GSQ, 



(e,7,e)eQ+ ^ {tj)£Qa.nd{e}f'^'^^^'\6) is defined and in for each 5gUi<^<^ -^'^r,, 

(C,7,e,a)GQ++ <^ (^,7,e)GQ+ andaGB. 
Assume that 7) G Q and 7 codes B, so that {7*}(i) is defined for each integer i, and in BCrj^ for some 
1 < ??i < Using Lemma 3.10, we set jij := | ^u^" [{7*}(0]) | U) for ^^ch j. Note that 7^^ is recursive 

in (7,i,i), 7ij G BCi if {7*}(i) G 5Ci, and 7^,,- G Ui<r,<r,, ^(^r, if {7*}(0 G ^C"*. We also have 
i?,,, = 2-\p2-(^,^^.). 

The map F°- will be obtained by Kleene's Recursion Theorem, so that, for some suitable e", we will 



have F<^(7) = (^'^(e'^, 7) = {e"^} 



(7). In order to describe -iC, we define i2G i7{^[(cj'^) ] as follows: 



ie,j,6)eR Bieu 3jGu; P).]* GiVfu;-, '(""^ (7^,(5), (o))]*(i) 



^{{e}f'^""^^7.,(5M0))}''"''^([Wr)y^{{£}f'^""^' (70,(5)0(0))}""'" 
By 3C.4 and 3C.5 in IIMos80L there is R* G Z\?[(u;^)2 xtj^] with 

{e,j,6)(£R ^ 3iGt^ ((^GiV[c^",(i)o] and [e, 7, (i)o, (i)i] Gi?*) 
(the idea is that an open subset of (w'^)^ is a countable union of clopen sets) 



or 
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We define a map -00 : {uj'^r^oj'^ by 



V'o(e,7)(0:= 



{i)o if [e,7,(i)o,(i)i]Gi?*, 



otherwise. 



Clearly, ipQ is recursive and (e, 7, 5) € i? 44> 3« E lij 6 £ N[lu'^ ,ipQ{e, 7)(«)]. We define a recursive map c/Jq 
by (/9o(e,7) :=O'~''0o(£) 7)- Note that ipQ{e,'j) G SCi (we will have Fq (7) = v3o(£"i 7)> for suitable, if 
7GSC*). 

• We define a partial function ■01 : (w'^)^ ^ 2'^ by 

V-ile, 7, '5) := {{e}f'^""^' (70,(5)0(0))}""''" ([(^)o]*) . 



As ■01 is recursive on its domain, there is ei G Si such that il^i{e, 7, 5) = {ei}'^'^'^)^'^" (e, 7, (^) if 0i(e, 7, (^) 
is defined. We put ipi {s, 7) := S^o 
it is defined. Note that ipi is a total recursive map. 



■* ''^ (ei,e,7), sothat^0i(e,7,5) isequalto {(/3i(e,7)}'^"'^"((5) when 



• Now we have to describe (^2 (^^ 7) coding a set computing g. By the proof of 3C.3 in HMosSOII there are 
recursive maps g' -.uj^oj and h' :uj'^ —>-ul> such that, for each (5, j, /c) G o;'^ x w^, 

5(j) = A; ^ 3i£io [6eN{Lj'^,i) and j <5r'(«) and j) = A;]. 



We set kj := ■ We have, for aeB, 



(A;)i ^0 and Vj</i(A;) 5(a) (i) = A;,- 



(A;)ij^/0 and Vj</i(A;) [5(a)](j)„ [(j)i] = A:,- 



(A;)i )^/0 and yj<fi{k) 



(j)i = and /i(a)[(j)o] = A;j) or 



j)i>0 and 5'(j)o,/i(Q)[(j)o](")[(j)i-l] = ^j 



(A;)i )^/0 and yj<fi{k) 



(j)i = and aGB(j)^ fc 1 or 



(j)i >0 and BiGw 



5'(j)o,/i(a)[(j)o](«)^^(^'^'^) and (j)i<S''(0 and (j)i -1] = A;j 
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Buta£BQ)^ k, ^ "^P^"(7(j)o,fcj) ^ 3leuj[kj=l and a ^ p^" {-/q^^j)]. Them is 5i £ such 
that {(5i}2"^'^'2"(a, fc) = a if (a, fe) G 2'^ x w. We will code the relation "Ro{a, k) <^ a e Bq^^/, via a 
partial function c/q-.u;'^ xoo"^ -^00'^. 

If {7*}[(j)o](0) = 0, then by Lemmas 3.10 and 3.3 we get 

«^P^'^(7(j)o,i) ^ fnr({7*}[(j)o],/ 



If {7*}[(j)o](0)7^0, then by Lemmas 3.3 and 3.1 we get 



{{rmo],i),s. 



(7a)o,;)^KA;)^p^^x-K (7(j)o,^^i)] 

(a,fc)Gp2--(«.[nr^'^'^^(7(j)o,^'5i)])- 



4» 



This shows the existence of a partial function ^0 : w'^xw^ ^o;'^, recursive on its domain, such that go{'^,j, I) 
is defined if (,^,7) e Q- In this case, 9o{j,j,l) G 5Ci if {7*}[(j)o] € BCi, 50(7, J, e ^C^^yj^ if 
{7*}[(j)o]eSC*,and 



Similarly, we now code the relation "Roia, k) 4^ a £ Bq^^ j.^", via a partial function go : lo'^ x u —>■ lo^ . 
Choose 71 G T,'^ n BC\ such that (a, A;, j, I) G ^^'^^'^"^(71) /cj = /■ Using Lemma 3.2 we see that 
<'(7i>J,0 e BCx and G p^"'"^[<'(7i, j, 0] % = for each {a,k,j,l) G 2'^ xw^. Using 

Lemmas 3.5 and 3.6.(b), we get the existence of a partial function go : cj'^ xlo ^ uf' , recursive on its 
domain, such that go{'y,j) is defined if (^,7) G Q. In this case, goi'jjj) G BCi if {7*}[(j)o] £ BCi, and 
5o(7,i)e5C^y)^ if {7*}[(j)o]G-BCMfmoreoveraG5,thenaGS(j)o,fe, ^ («, ^) ep^"'''^[5o(7, j)]- 

- Similarly, we now deal with the end of the computation of the relation "g{a) G N{uj'^, k)" above. We will 
have 

5(j)o,M")[(j)o](«)eiV(a;'^,i) <^ (a,i)ep2'^^'^[{£}f'^'^''^'(7(j)o,M")[(j)o])] 



(a,z)Gp2-xc.[|,}-",(--)^(^^.^^_^)]^dMa)[(j)o]=/ 
(a,i)Gp2"xu,[|,}--,(--)^(^^.^^_^)] andaG5(j)„„ " 



if 7, £, a) G Q"^"*". If we apply Lemmas 3.5 and 3.6.(a), then we obtain the existence of a partial function 

g\ : (oj'^Y ^ — ^f^*^, recursive on its domain, such that 5? (e, 7, j, I) is defined and in BC if 7, e) G Q"^, 
in which case (a, A;) G p^" ^'^ [Qii^i lih 0] equivalent to 



3z Gw 



(a,z)Gp [{e}2 



(7(j)o,0] and {})i<g'{i) and (j)i -1] = A;^ 
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If (C,7,£,a)eQ++,then 



3z Go; 



5a)o,Ma)[{j)o](")e-/V(w'^,i) and {i)i<g'(i) and h'[i,{j)i-l]=kj 



ia,k)ep^''>'^[g^,ie,lJ,l)] and aGSy)^,^ 



But gi{e,j,j,l) could be in SCi for some Ts, and in SC* for some others. This may happen if 
^ > 3. This is a problem since we want to apply Lemma 3.6.(b). We will solve this problem with 
Lemma 3.4. We define a partial function gl : (w'^)^ xoj"^ ^ uj'^ by gl{e,j,j,l) := ul"^ ^'^[gi{e,j, 
As p^"^'^[(7|(e, 7, j, I)] = p^" ^^[gi{e, 7, j, /)] if 7, e) G Q^, it satisfies the previous properties of g^. 

- Lemmas 3.5 and 3.6.(b) imply the existence of a partial function g\ : {oj^Y x ^ recursive on its 
domain, such that 52 7) j) is defined and in BC if 7, e) G Q"*". If moreover 7, £, a) G Q"*""*", then 
(a, A;) G p^"^ ^'^ [^2 7, j)] is equivalent to 



3iGa; 



5'(j)o,/»(«)[(j)o](«)^^(^'^'^) and (j)i<5('(0 and (j)i -1] = fej 



We also define a partial function (72 '■ {LO^)'^y<uj—no^. It is defined relatively to g^ exactly like g^ was defined 
relatively to gj. It will satisfy the previous properties of gl^ C = 2, and we will have, for 7, e, a) G 
and a G 2, 

5(a)G7V(a;'^,A;) ^ ((A;)i)^7^0 and Vi<M(fc) [(a)i = and (a, fc) G p2'^x'^bo(7,i)]) or 

(a)i>0 and {a,k)ep''''x-[g^{e,j,j)]) 

- We define a partial function g^ : (w'^)^ x a; — >a;'*' by 



'uT^ngoiiJ)] if (j)i=o, 



[gl{e,j,j) if a)i>0. 

Note that g^ is recursive on its domain, and gl (e, 7, j) is defined and in BC if (.^, 7, e) G Q^- We also define 
a partial function (73 : (uj^)'^ xlu ^ lo'^. It is defined relatively to g2, like (/g was defined relatively to g^, 
except that 5'3(e,7, j) := go{j,j) if (j)i = 0. The function g^ will satisfy the previous properties of g^ if 
C = 2. 

- By Lemma 3.5, we get the existence of a partial function gl : (w'^)^ xuj ^ uj^ , recursive on its domain, 
such that g\ (e, 7, m) is defined and in BC if 7, e) G Q"*" and, if moreover 7, e, a) G Q'^'^ , then 



(a,A:)G/9" ^"[<7i(e, 7, ^ (Wij^/O and /x(/c) = m and Vj<m (a,/c)Gp' ''"b3(e, 7,i)]- 
Thus 7, £, a) G Q"*"*" will imply that 

g[a)^N{u-,k) ^ ((A;)i)^7^0 and Vi<MA;) (pi,k)^p^''^-\g\{E,^,3)\ 



3m Go; 



((A:)i)^7^0 and p{k) = m and Vj<m (a, fe) Gp^" x^[c,i(e, ^, j)] 



^ 3meui {a,k)ep'^ ^'^[gli£,7,m)]. 
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We also define a partial function : {uj'^)'^ xuj ^uj'^ . It is defined relatively to 53 exactly like g\ was 
defined relatively to g\ . It will satisfy the previous properties of 54 if ^ = 2. 

- By Lemma 3.6.(b), we get the existence of a partial function (p\ : {uo'^)^ — > uo'^, recursive on its domain, 
such that ipl{£, 7) is defined and in BC if 7, e) G Q~^, and 

g{a)eN{u'-,k) ^ (a,fc)Gp2'^x-[</.^(£,7)] 

if 7, e, a) € Q~^^. We also define a partial function 1^22 : (w'^)^ ^u;"^. It is defined relatively to g^ exactly 
the way (p^ was defined relatively to gl. It will satisfy the previous properties of (^2 if ^ = 2. 

• Now we can define a partial function : (o;'^)^ —>■ {00'^)^ by 

r[Fo«(7),Ff(7),i^2"(7)] if 7(0) = 0, 

lbo(e,7),¥'i(£,7),V'i(e,7)] if 7(0)7^0. 
As if"- is recursive on its domain, by Kleene's Recursion Theorem there is e" G such that 

Kr^•^"^^'(7)=v^"(e^7) 

if 7) is defined. We define a partial function F'^ : ^ (w'^)^ by ^"(7) := {e"}^"'('^")^(7), so that 

is recursive on its domain. We already checked that ^"(7) is suitable if 7 G BCi. 

So assume that 2 < ^ < cji , and 7 G BC^ codes B := -.p^" (^) g n^. We will prove that -^"(7) is defined 
and fuUfills the required properties by induction on ^. 

Note that {£"}2 (<^) is defined and in BC for each S G Ui<j7<^ ^C'rj; by induction assumption. 
This impUes that 7, e") G Q"^, y'^C^"' 7) ^"(7) defined, and 

F'^(^) = {e'^}-^(--)^(^) = ^'^(e^^) = [^o(e^7),'^l(^^7),^i(^^7)]. 

(1) Note that Fq (7) G i?Ci since Fq (7) = 99o(e", 7) = 0'~'Vo(e"5 7)- Moreover, with the previous notation, 
weget(5^/9'^"[FQ"(7)] ^ (£",7, (^)^i? <^ 5 G C, by induction assumption. 

(2) We have Ff (7) = fi (e", 7), so that, by induction assumption, and for each 5 G C, 

{Ff(7)}-^-'2-(5) = ^i(£-,7,<5) 

= {{enf'^'^^^^7o,(.)o(o))}"'"([(5)o]*) 
= {^f(7o,(5)o(o))}''"''"([Wo]*) 

= /o,(5)o(0)([Wo]*)=/(5)- 
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Clearly, / is continuous. If S eC and i Eu, then f{S) = fi,{5)i{o) eSj^(5)i(o). thus f{d)eB. 

Let S,d'eC such that a := f{d) = f{d'). Then a = /i,(5)i(o) ^ ^i,(5)i(o), so that a is in Sj^(5).(o) 

and Bi^(^s'),{o)- This shows that ((5)^(0) = (<5')i(0). Thus [(5),]* = since fi^(5),{o) is one-to-one, 

= (5')*' ^i^d 6 = S'. This shows that / is one-to-one. If a G i? and i^LO, then there is a unique integer ji 
withaGi^ij.. There is 5* GCjj. with Q; = /jj.(5*). Put := ji'"^*. Then (^G C and a = /((5). This shows 
that / is onto. 

(3) We have (7) =(^f (e-^", 7). 

- If ^ = 2, then r/j = 1 for each i, G BCi for each (i, j). Thus 

o gi{s°',^,j,l) G -BCi, by induction assumption, since {e"}2 (T(j)o,') ^ -BCi. This implies that 
gl{e\jJ,l)eBC2. 

° gl (£^ 7, j) e ^(^2 and (e" , 7, j) G BCi . 

o 5^ 7, J ) e ^^^2 and ffO (e^ 7, i) G BCi . 
o5f|(e\7,m)GBC2 and gi2(e", 7, m) G-BCi. 
o (^1 (e^ , 7) G 5C2 = BC^- and (^^ (e" , 7) G 5Ci . 
-If C> 3, then 

o 5i 7> e ^C'max(2,r?(j)o)' by induction assumption. Indeed, if 7^)^^; G BCi, then g^{e^,-f,j, I) 
is in BCi and gj (e^ , 7, j, I) G BC2. If 7(j)o,/ G BC*, then 7(j)„ G -BC^y,^ , and 5? (e^ , 7, j, Z), 5} (e^ , 7, j, Z) 
too. 

o 52 (£^ 7, j) e ^C'max(2,r,(j)o ) • 

o 53 (e^ > 7, i) e 5Cmax(2,,7(j) J- 

o 5i(£\ 7, m) G 5Cmax,.<^(2,r,(j)J ^ 

o^l{e\j)eBC^^i = BC^-. 

Thus ^2° (7) = <^2 (e° > 7) e -BCi if 7 G 5C2, and (7) = 93^ (e\ 7) G . And p^" [f| (7)] computes 
c/onB. IfQ;GSandzGa;,then (5(a)). =giMa){i){a)£Ci^h{a){i) since a G-Bi^/,(a)(i). Thus 

fi,h{a){i) [gi,h{a){i) ip)] = a 
and g{a)EC since {^g{a)^ {Qi) = h{a){i). Moreover, 

/b(a)] = /o,(3(a))o(0)(^ (^^"^)o 

If 5 G C and ^ G a;, then (g[f{5)]). = I/Wl = (<^)^(0)'^[('^)^]* = (<^)- Therefore 

=(5. This shows that g coincides with f~^. □ 
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Proof of Theorem 1.5. Let 7 e i7i° n -BQ+i with B = -^p^" (7). By Theorem 4.1, 

• If = 1, then F^i^j) E S^, C G Uf, / is a partial recursive function on C, and 5 is a partial i7|'-recusive 
function on B. 

• If ^ > 2, then (7) G and the same conclusion holds. □ 

We also have a. A\ version of Theorem 1.5: 

Theorem 4.2 Let ^> I be a countable ordinal, and B e n^_^_-^(2'^) n A\. Then there is C e TI? n ^[{00"^), 
a A\-recursive function f : lu''^ — > 2^, and a A\-recursive function g -.2^ ^ lo^ , such that fi^Q defines a 
continuous bijection from C onto B, g\g is Yl^-measurable, and g\B coincides with {f\c)~^- 

Proof. We set 'SP^{A\){X) = {^^(7) 1 7 G Zl^ n BC^} if 1 < ^ < wi. In IILou80ll . it is essentially proved 
that S^(zi}) = n A\. Actually, Louveau does not use the coding for Borel sets that we use here, but he 
proves this specific result, with this coding, in his notes ||Lou??| . So let 7 € Zlj^ fl BC^^i with B = -ip^" (7). 
By Theorem 4.1, 

• If = 1, then F^{'y) G A\, C G Ci A\, f and g are partial A\ functions on z4j sets, and can be extended 
to total A\ maps. 

• If ^ > 2, then F^ (7) G zij and the same conclusion holds. □ 

5 Proof of Theorem 1.3. 

The proof of Theorem 1.3.(2) is essentially identical to that of Theorem 1.3.(1), so it is enough to prove 
Theorem 1.3.(1) to get Theorem 1.3. In the sequel we will assume that ^ < up^, except where indicated. Let 
us indicate the specifications of the proof of Theorem 1.2 that we need. Theorem 3.14 gives B G r(2'^)\r. 
As B G n^^i, Theorem 1.5 gives C, / and g. Here again, the dictionary A will be made of two pieces: we 
will have A = fiU'K if ^> 3. 

Notation. Recall that Q:={{s,t)e 2<'^ x 2<'^ | |s| = We will sometimes view Q asQe A^{uj): 
Q:=^m£uj I Seq(m) and Vi<lh(m) Seq[(m)j] and lh[(m)j] = 2 and VjG2 (^{m)j^ <2 |. 

Implicitely, we have used the bijection F.Q—^Q defined by 

I{s,t):=(^ < s(0),t(0) >,...,< s(Is|-l),t(|s|-l) > y 

Note that the map x'-^^^ defined by x{^) '■= Hlr) is a recursive injection with range Q. We define a 
recursive map M:uj—>-UL>by M{j) ■=Mj := T^i^j 4*+^. 

Lemma 5.1 The sets fi^, fi^ and fi can be coded by recursive subsets of to. 

Proof. We define a recursive map Exp : u;^ — > lij coding the finite sequence : 

Exp(fc, j):=c <^ Seq(c) and lh(c)=j and Vi<j {c)i = k. 

Using Exp, it is easy to build a recursive map / : — > w such that f{N, I, m, P, R) codes the sequence 
2^ ^ [ '"j<i_|_i rrii 2^* 3 2^» ]. Then we just have to use bounded quantifiers. □ 
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Now we show that is "simple". 
Lemma 5.2 The set n°° is n^iA"^). 
Proof. We have 

7GiU°° ^ 3ie2 VjGw 3keLo 3te{n')<^ \t\>j and 7 \ k = ^i<\t\t{l). 

This shows that G n2{A^), by Lemma 5.1, since t can be coded by an integer, and the restriction and 
concatenation maps are recursive. □ 

Notation. We define a partial function c : 2^^ x a; ^ Q on B x a; by c(q;, I) := [g{a) ,a] \ I. 

Lemma 5.3 The set E:={{N,a) eujx2'^ \ aeEN} is in T. 

Proof. The map h:ijjx2^ defined by h{N, a):=q\^ais, clearly recursive. From this we deduce that 
E is in r, using Lemmas 3.3 and 3.5. □ 

Notation. Now we code the maps (pN.j- We set Dom := {{N,j, 7) G x 4'^ | < Mj and 7 G i^Afj}- 
We define a partial function (p : u)'^ x ^ 2^ as, follows: (p{N,j, 7) is defined if {N,j, 7) G Dom, and its 
coordinates are the coordinates of 7 in 2, in the same order as in 7 (we forget the 2's and the 3's). 

In the next lemma we consider the set expressing the fact that "7r°° will look like B on K^j". 

Lemma 5.4 The setJ^:={{N, j, 7) GDom | (p{N, j, 7) G En} is in F if^ > 2. 

Proof. We define a map : 2'^ x a;^ ^ 4'^ by 



2^ a(0) - [ ^kGu^ 2^(^'+'=+i) 3 2^(^'+'=+i) aik+1) ] if N<M{j), 

Qoo if N>M{j). 



It is easy to see that ip is recursive. If N< Mj and 7 G 4'^, then 7 G K^j is equivalent to 

ViGw [V(0°°,iV,i)(i)=0and7(i)G2] or [ V(0°°, iV, and 7(i) = V(0°°, Af,i)(i) ]. 

This shows that Dom G n^. Then ip is clearly recursive on Dom. This shows that is in if ^ > 2, by 
Lemmas 3.3, 3.5 and 5.3. □ 

Now we describe the elements of A°°\ij,°°. 

Notation. Recall that Pt^s,j := { 7 G 4'^ \t2^ -<j and 7-* 2-^ G Kqj }. Note that the relation defined by 

"7 e Pt,s,j" is in 7, t, S, j. Let (t, S, j) be suitable and iV < min(Mj ,S) (N = S if t = 0). Note that 
{N,j,'y-t 2^-^) GJ^ means that -f-t 2^"^ G7r~ n K^j. This implies that 

At,s,j,N = { iePt,s,j I {N,j,^-t 2^-^)G.F } . 

Lemma 5.5 The set of (7, t, S, j, N)e4!^x ({0} U /x) x a;^ such that {t, S, j) is suitable, N < min [M{j) , S], 
N = Sift = $ and 7 G At^s,j,N can be coded by a set in r{A^ x u'^) if^ > 2. 

Proof. Apply Lemmas 3.3, 3.5 and 5.4. □ 
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Let us specify a few facts about the definition of vr. 



Notation. As C is Ilf and / is recursive on C, the graph Gr(/) of / is a subset of w'^ x 2'^. As the 
identity from 2'^, viewed as a subset of co^, into 2'^ is a partial recursive function on 2'^ (see the proof of 
Theorem 4.1), we can also say that Gr(/) is a subset of uj^ xu^, by Lemma 3.3. By 4A.1 in HMosSOl . 
there is R e ^i(w^) such that a = f {(5) ^ \/k £ u {13 \ k,a \ k) e R (recall that t is defined at the 
beginning of section 3). 

• We set Qf:= {{t,s)eQ \ (t, s) €i? and 1 7^0 and t{\t\-l) = 1}. Note that Qf can easily be coded by a 
recursive subset of lo. 

• The definition of vr is the same as the one in section 2. Here again, vr can easily be coded by a recursive 
subset of Lu. 

Proof of Theorem 1.3.(1). We refer to the proof of Theorem 1.2. Weput j4:=/iUvr, so that ^4 can be coded 
by a subset of uj. We will prove that G r\t. 

• Here again we have (^jv,j [^1"°° H K]\fj] = if N < Mj. If 7 G vr°° n K]\[j, then the only thing to notice is 
that [P \ k, {qjfO) \ k]eR for each keu. 

• We also have 



U U At,s,j,N. 

{t,s,j) suitable n < min(Mj-, S) 
N = Sift = (l} 



As r is uniformly closed under finite unions, the set of (7, t, S, j) G 4'^ x ({0} U /x) x such that (t, S, j) 
is suitable and 7 G At^s.j can be coded by a set in r{A^ x o;'^) if ^ > 2, by Lemma 5.5. 

• By Lemmas 3.5, 3.6 and 5.2, we get G r(4'^) if ^ > 3 and T = i7|. 

• If ^ > 3 and F = U^, then we can write 



Thus 



\{t,s,j) suitable / {t,s,j) suitable 



u U Pt,s,Mt,s,j. 
(t,s,j) suitable 

/^"^ U (U(,,5,,) suitable Pt,s,j)] G ^^(4^) C r(4-). By Lemma 3.6, U(,,5,,) suitable Pt,s,AAt,s,j 



(i,5,i) suitable 



Here 

is in r(4'^), and by Lemma 3.5 ^A"" is in r(4^). Thus G r(4'^ 
• If 1 < ^ < 2, then we argue as in the proof of Theorem 1.2. 



□ 
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6 On the complexity of some sets of dictionaries. 



The proof of Theorem 1.3 has the following consequence on the complexity of the sets Xl^ and 11^ defined 
in the introduction. Recall that if 1 < ^ < oji, then 

5]^:={AC2<'^ I and := C 2<'^ | gH^}. 

Notation. We set 

4:={7ei?C7|p2-(^)eS0} 

Corollary 6.1 Let 3 < ^ < wi. Then there is ip 

So (resp., 11^) is more complicated than 

Proof. Theorem 4.1 gives a partial function F^. Recall that F^{'y) codes a continuous bijection defined on 
a closed subset of if ^ G BC. We now express the fact that its graph is a closed subset of uj^ x (see 
the notation after Lemma 5.5). In Theorem 4. 1, the complement of p^'^ (7) is involved. This leads us to use 
the map u-, given by Lemma 3.1. There is P ^ ni[{oj'^Y] such that 

(7,/3,a)GP ^ aG2- and Hp'^^F^Al)]) and a = {FI[u^{^W ^''^ {(3) 

if 7 € BC. By 4A. 1 in HMosSOII there is ^ G Z\? {uj^^ x w^) such that 

(7,/3,a)GP <^ VfcEw Yi,'pJk,l^Jk](^R 

(see the notation after Lemma 5.5). 

We say that (t, s) € Q/ if (t, s) € Q, [7, t, s] ^R,t^^ and — 1) = 1 (we use again the definition of 
Qf after Lemma 5.5, but here it is uniform in 7). Now we define vr as we did in section 2, with ''qp^ G Qf 
instead of "g^j G Q j". After a coding of 4<'^ with u), we can define a recursive map ip : lo'^ —>■ 2'^ coding 
U vr C 4*^"^ (we will identify 1^(7) with U vr, identifying u with 4^'^; the notation ip instead of if is for lo 
in the range of (p instead of 2^'^ in the range of ip). 

Now let 7 G SC. Then ^^(7) G BC, F^[u^{-/)] is defined, / : -/o'^" [^^-(t)]) ^ /0^"(7) is a 
bijection. The proof of Theorem 1.3.(1) shows that [(^(7)]°° is I]^ (resp., 11^) if ^^"^(7) is 5]^ (resp., 11^), 
when C > 3. It also shows that (/?o,o (['^(7)]°° n ifo,o) =/0^" (7)> so that p^" (^) is (resp.. Up if [(^(7)]°° 
is (resp., H^), when ^ > 3. □ 

Corollary 6.2 Le? i? G A\ [(2"^)^] and 3 < ^ < ui. Then there is tp:2^ ^ 2^^" continuous such that 
(a) 5]f :={aG2- | 5„gS0} = ^-1(5]^). 
fZ^jnf :={aG2- [ 5„ GnO} = V'-i(n^). 



and n^:={7G5(:7|p2 (7)Gn^}. 
: o;"^ — > 2'^^" continuous with = n (^^""^(I]^) awiif 

the set of Borel codes for (resp., 11?) sets, on BC, if 
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Proof, (a) Let 70 G BC such that B = p^^"')^ (70). By Lemma 3.2, we get p^^")^ (70)0 = p^" [uf" (70, a)] for 
each a€ 2'^. So we just have to set 'ijj{a) ■.=ip[uf (70, a)], using Corollary 6.1. 

(b) The proof is similar. □ 

Theorem 6.3 (Saint Raymond) Let 1 < ^ < uoi. Then there is B G A]^ [(2'^)^] such that is Yl\-complete. 
Similarly, there is B € A} [(2"^)^] such that Yl^ is Yl\-complete. 

Proof. Let P C 2'^ be a n}-complete set, G G 11^ [(2'^)^] such that -.P is the first projection of G, X in 
Ai(2'^)\S0, and B := {(a,/3) G (2^)2 | [a, (/3)o, G GxX}. Then P is clearly Borel. If a G P, 
then Pa = G S^, so Q G T;f. Ifa^P, let Pq G 2'^ such that (a, /3o) G G, and / : 2"^ ^ 2'^ defined by 
/(7) := < /3o,7 >■ Then P, = {/? G 2- | [a, (/3)o, (/3)i] G GxX} ^ since X = /~i(P„) ^ 5]°. Thus 
a ^ S|^. We proved that = P is 11 J -complete. We argue similarly for 11^ . □ 

Remarks, (a) We actually proved that if ^ > 3 and P G nj(2'^), then there is M G 11^ [(2'^)^] such that 
P = T,f. Similarly, there is ^gS^[(2'^)2] such that P = n^. 

(b) This proof also shows that if P G n^(2'^), then there is M G n}[(2'^)2] such that P = Similarly, 
there is AgUI[{2'^)'^] such that P = nf. 

(c) This proof also shows that if P G n^(2"), then there is C G n| [(2'^)2] such that P= {a G 2'^ | Ca G A^}. 
Corollary 6.4 Let 3<S,<uJi. Then and are Hi-hard (and also YlKl"^"^"^ 

Proof. We just have to apply Theorem 6.3 and Corollary 6.2. □ 
Remark. Recall that if X is a recursively presented Polish space and /5 G 2'^, then 

nliP) ■.= l!l{P) and Z\{(/?) :=i7j^(/3) n nl{p). In IILec05ll . the following sets are introduced: 

:={AC2<'^ I yl°°GS^ n Al(^A)}, 

:={AC2<'^ I A^en^nAliA)}. 

It is proved in ULecOSII that they are Xlj \ A} if ^ > 2. Under the axiom of S}-determinacy, this implies 
that they are IlJ-complete. Here we can say more: they are II]^ -complete if ^ > 3, without any axiom of 
determinacy. Indeed, fix a II]^ -complete set 11 C 2"^. The proof of Theorem 6.3 gives B G Aj[(2'^)2] such 
that Pq, = if a G n, and P^ ^ if a ^ 11. Now the proof of Corollary 6.2 gives 70. If q G 11, then 
p^'^ [uf (70, a)] =0, and the proof of Theorem 1.3.(1) shows that 

ma)r = {^[uT (70, a)])- = p- G P° e 

Thus V(a) G if a G n. If q ^ H, then V(a) ^ 5]^, thus V(a) ^ S^- Therefore n = VH^c) and is 
n^-hard. As is 11^ it is IlJ-complete. We argue similarly for U^. 
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Definition 6.5 Let V be a class, and lA^ C (2^)^ universal for r(2'^). We say that is a good universal 
for r if for each set ^ ^ (2"^)^ which is universal for r[(2'^)^], there is S : (2'^)^ 2'^ continuous such 
that [S{a,P),^]eUf ^ {a, (3,j)eU^'^^^ for each (a, /3, 7) G (2'^)3. 

Proposition 6.6 Let 1 <^ <loi. Then there are good universals for S^, 11°, and 

Proof. Let T be one of the classes of the statement, and Vp universal for r[(2'^) ]. We define, for a€2^ 
and£G2, (q;)^ G 2'^ by (a)£(n) :=a(2n+e). We set 

It is clear that Uf G T, so that {{Uf )a \ a G 2'^} C r(2'^). Conversely, let A G r(2'^). Then the set 
E := {(7, p) e{2'^f \ peA}e r, so there is a G 2"^ such that E = {V^"^'')a- We define <.,.>: (2'^)2 ^ 2"^ 
by <a,P> (2n):=a(ra) and <a,/3> (2n+l) :=/?(ra). We get .4 = (W;^")<a;,o°°>. We proved that Z^;^" is 
universal for r (2'^). 

Now letZ^^^"^' be universal for T[{2'^ f], and 

F :={(/?, 7) G(2-)2 I [(/3)o,(^)i,7]eWr)'}. 

As Fg r[(2'^)2], there is ao G 2^^ such that F= (vi?"^')ao- We get 

{a,P,j)eUP' ^{<a,P>,j)eF 

^ (ao,<a,/3>,7)GVi?"^' 

<^ (^(^q;o,<Q;,/3>^,7) eUf 

So we just have to set S{a,j3) := ^ao, <a,/3> ^ □ 

Lemma 6.7 We consider the good universal U^i for Yl\ given by Proposition 6.6. Then there is a continu- 
ous map c : 22^" ^ 2'^ such that A°° = {U^, for each A G P(2<'^ ) = 2'^^'". 

Proof. Recall that U^o C (2*^)^ is universal for 5]°(2'^) and defined in the proof of Theorem 3.14 as follows: 

{'j,a)eU^o <^ 3mGa; 7(m) = and aeN[2'^,m]. 
Similarly, we can define U^o'''^'^ C (2'^)^ xw'^, universal for 5]?(2'^ xcj'^): 

(7,a,/3)GWg'"^" O BrnGw 7(m) = and (a,/3)GAr[2^xa;'^,m]. 
Using this, we can define V^Ti C (2'^)2, universal for S^(2'^): 

(7,a)GV21 ^ 3/3 Gu;" {j,a, P) ^U^o""""^ . 
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By IILec05ll there is a continuous map vr : 2"^ x x ^ 2^^ such that 

aGy4°° ^ Bpeuj'^ yneuj [/3(n+l)>0 and TT{a, (3,n)eA], 
for each a G 2"^ andylC2<'^. We define i?€ S;?(2"' x x 22^") by 

(a,/3,A)Gi? 44> 3nGu; [/3(n+l) = or 7r(a, /3, n) ^ yl]. 
By 3C.5 in IIMosSOII . there is R* Cto such that 

{a,P,A)eR ^ 3mGcj (^aGiV[2'^, (m)i] and /3GiV[w'^, (m)2] and ^GiV[22^", (771)3] and mGi?*). 

Wedefined:22^"^2'^by (i(^)(m) = ^ AgA^[22^", (771)3] and mGiJMf AC2<'^, then 

«e(V|pd(^) ^ 3/3g^ [d(^),a,/3]^^^2'^o^-" 

<^ 3/3GLJ ^('BttiGcj d{A){m) = and (q,/3) GiV[2'^ xw'^.Tn]^ 

<^ 3/3Ga; -^[Bmeuj d{A){m) = and a e iV[2'^, (m)i] and /3G7V[a;'^, (771)2]) 
^ 3/3Ga; (a,/3,A)^/Z 

As V|"i G I]{[(2'^)2], there is ao G 2"^ such that V|"i = (^^^Y^^)ao- ^l^j ^ §0°^ universal, we get S 
continuous, and (V^ijdiA) = {'^^i)s[ao,d{A)]- So we just have to set c{A) ■.=S[aQ,d{A)]. □ 

RecallthatiY(r,r'):={aG2'^ | {Uf)aeT'} and A:={AC2<^ I^^gA^}. 

Corollary 6.8 Let 3 < ^ < uJi. We consider the good universals given by Proposition 6.6. 

(a) The set U{U^^,T.f) is U\-complete, U{U^^,T.f) <w 5]^ <w Z^(5]},S0), and the set U{J:\,i:f) is 
Yl^-hardand 

(b) The set ZY(5]0,nO) is n\-complete, ^/(SO,nO) <w <w U{T;\,U'^^), and the set U{T;\,n°^) is 
Yl^-hardand 

(c) A <w i^C^l, Al), and the set U{'S\,A\) is H\-hard and Moreover, the set U{T\, A\) is 
Yl\-complete. 

Proof, (a) By Theorem 6.3 and Remark (a) just after, there is M G 11^ [(2'^ )^] such that is 11 j-complete. 
Fix ao G 2"^ with M = (Z^^,"^')^^- We define / : 2"^ ^ 2'^ by f{a) := S{ao, a), where S is provided by the 
fact that U^o is a good universal. Then we get = /-i(Zi(n°, 5]°)), which proves that ^^(n°, 1]°) is 
n^-hard. By HLouSOII (or 35.H in IIKec95ll ). Z^(n°, 5]°) is H^, so it is n^-complete. 

By Corollary 6.2, we get U(I^, S^) <w since 



43 



By Lemma 6.7 we get <w U{T\, S^). Remark (b) after Theorem 6.3 gives S := G 5:|[(2^)2] 
such that is Ilg-complete. The beginning of the proof shows that ^/(S}, S^) is Ilg-hard. In particular, 
U{T,\, SO) i and <vf since € S^. Finally, Z^(Si, is since 

(b) The proof is very similar to that of (a). 

(c) The proof of the first sentence is very similar to that of (a), using Remark (c) after Theorem 6.3. This 
proof shows that U{H\, A\) is n2-hard. It remains to see that U{Y,\, A\) is 112. Recall the existence of 
nl sets W^^ C u;, C72" c w X 2^ with A\{2^) = {Cl^ \neW'^^} and 

{(n,Q)Gcjx2'^ I nGW"2" wAaiC^](^nl{ux2'^) 

(see Theorem 3.3.1 in IIHKL90II ). This implies that 

Thus U{T,\, A\) is 11^, and Xl^-complete. □ 
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